ON THE FORMALISM OF MIXED SHEAVES 



MORIHIKO SAITO 
Introduction 

It has been conjectured by Beilinson [1], etc. that there would exist the category of 
mixed motivic sheaves A4A4{X) for an algebraic variety X defined over an algebraic 
number field k, such that the motivic cohomology of X with rational coefficients 
can be calculated by the higher extension group of the constant sheaves on X if X 
is smooth proper. For example, 

(0.1) OT(X)q = Ext%^^^^^iQj^,Qj^ip)) 

should hold for X smooth proper, where CH^(X)q is the Chow group of X with 
rational coefficients, and denotes the constant object in D''A4A4{X), the 
bounded derived category of A^A^(X). In this paper we give a formalism of mixed 
sheaves which might be useful for the construction of mixed motivic sheaves. 

Let k he a field embeddable in C, and V{k) the category of separated algebraic 
varieties over k. We choose and fix an embedding k C For X G V{k), let 
X(C) denote the set of closed points of Xc (:= X C) with classical topology. 
For a field A of characteristic zero, let -D^(X(C),A) denote the bounded derived 
categories of complexes of A- Modules on X(C) with constructible cohomologies, 
and Perv(X(C), A) the abelian category of A-perverse sheaves [3] on X(C) which 
is a full subcategory of D'^{X{C), A). 

A theory of A-mixed sheaves on V{k) consists of A-linear abelian categories 
M{X) with A-linear forgetful functors For : M{X) ^ Perv(X(C), A) for X G V{k) 
such that the categories A^(X) are stable by the dual functor D, the external prod- 
uct Kl, the pull-backs j* by open embeddings j, and the (cohomological) direct 
images if*/* by afhne morphisms /, in a compatible way with the functor For, 
and }A{X) contains a constant object ^x'l'^] smooth of pure dimension 

n. Moreover they should satisfy natural properties associated with these functors. 
Then we show that the bounded derived categories D'^M.{X) are stable by the 
standard functors /i, /*, f',il^g, (fg^i, D, Kl, 0, Hom in a compatible way with the 
corresponding functors on the underlying complexes of A-Modules by the forgetful 
functor, and they satisfy natural properties associated with these functors. Using 
these, most of the arguments in [28] [30] [31] are valid in this setting. Excep- 
tion comes mainly from the Hodge theoretic description of the Picard variety of a 
smooth proper variety over C, which becomes quite nontrivial in other situations 
(e.g., for a variety over a number field). 

As a corollary, the notion of geometric origin can be defined as in [3]; the full 
subcategory Ai{X)^° of A^(X) is obtained by iterating the cohomological stan- 
dard functors as above to the constant object Q-^ on Spec k and also by taking 
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subquotients in /A{X). In the case of varieties over a number field k, it is in- 
teresting whetlier we can get the category of mixed motivic sheaves in this way. 
For example, for A — Q, we can define A4{X) by the category consisting of ob- 
jects {{M, F), Kcr, Ki;W) where {M,F) is a filtered regular holonomic P-Module 
on X, Kfj is a Q-perverse sheaf on Xo-(C) with X„ := X (8>fc,cr C for each embedding 
a : k ^ C, Ki is an etale Q/-perverse sheaf [3] on X := X ®k k with an action of 
Gal(A;/A;) (compatible with the natural action on X) for each prime number I, and 
is a finite filtration on M, K^, Ki, such that they have comparison isomorphisms 
as in [11] [12] [14] [20] (using [3]), and {{M (^k,a C, F), K^;W) is a mixed Hodge 
Module on X^- for any a. See (1.8) below. Here we assume also that each graded 
piece GrY {{M, F), K^r, Ki) has a pairing which induces a polarization of the mixed 
Hodge Module on X^. (This condition is satisfied for the objects of geometric 
origin.) Then they satisfy the axiom of mixed sheaves, and the full subcategory 
consisting of the objects of geometric origin might be close to the category of mixed 
motivic sheaves. In this example, the Hodge conjecture is replaced with the conjec- 
ture in [20] that an absolute Hodge cycle [11] [14] is algebraic, which will be called 
the Hodge type conjecture. 

Note that, if the motivic sheaves exist so that (0.1) holds, then the Hodge type 
conjecture should follow from (0.1). In fact, we have a natural surjective morphism 

(0.2) Exti^,_^^(^)(Q^, Q^(p)) ^ Hom^^(Specfe)(Q^, H''{X, Q(p))^) 

by the adjunction for ax '■ X Spec k and the decomposition theorem for 
(ax)*Qx (P), where H^P{X,Q{p))^ := H'^P{ax)*Qj^ip) and the target of (0.2) 
should be the group of absolute Hodge cycles by the second hypothesis. 
In this note we show a partial converse. We construct a cycle map 

(0.3) Cff (X)q ^ Ext^^,,,(^),o(Q^, Q^ip)) 

and reduce its surjcctivity to the Hodge type conjecture for any smooth projec- 
tive varieties over k (sec (8.9)). The injectivity of (0.3) seems to be related with 
the surjcctivity of the cycle map of Bloch's higher Chow group CH^(X, 1)q to 
Ext^P"^(Q^,Q^(p)) (see (8.13)). Note that the injectivity can be reduced to the 
case k = C and Ai{X) = MHM(X) (the category of mixed Hodge Modules on X), 
because the natural map CH^(X)q — > CH^(Xc)q is injective (see (8.5.2)). The 
injectivity of the cycle map (0.3) would imply Bloch's conjecture [5] (see [30]). Its 
bijectivity would be related with Deligne's remark [19, 4.16] and Murre's results 
[26] (cf. [30, II, (3.4)]). 

As a corollary of the above construction, we get also, for example, a natural 
/c-structure on the intersection cohomology of an irreducible variety defined over k, 
and furthermore, a complex of Ai{Spec k) whose cohomology gives the intersection 
cohomology, where (Spec k) is a full subcategory of the category consisting of the 
families of realizations [12] [14] [20]. This holds also for the intersection cohomology 
(or cohomology with, or without, compact supports) with coefficients in a local 
system of geometric origin. 

Some of the arguments in this paper are similar to [28] [30] [31]. But we repeated 
some arguments because of the changes coming from the difference of varieties over 
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k and C (for example, Xc may be reducible even if X is irreducible, and this makes 
the calculation of End(Q^) more complicated). 

In §1, we formulate the axiom of mixed sheaves. In §2-5, we construct the direct 
image, pull-backs, dual, and nearby and vanishing cycle functors. In §6, we discuss 
about the weight. In §7, we introduce the notion of geometric origin. In §8, we 
apply these to the study of cycles maps. 

§1. Axiom of Mixed Sheaves 

1.1. Let A; be a field embeddable in C. Let V{k) be the category of separated 
algebraic varieties over k, and V a full subcategory of V{k) such that: 

(i) the objects of V arc stable by cartesian products in V{k), 

(ii) for an open embedding j : X ^ Y of V{k), X eV ifY eV, 

(iii) and Spec A; belong to V. 

Actually, we may assume V is V{k) or the full subcategory consisting of smooth 
varieties of V{k). 

We choose and fix an embedding A; — > C. Let ^4 be a field of characteristic 
zero. For X G V{k), let A(C), D^(A(C), A), and Perv(X(C),A) be as in the 
introduction. We say that an abelian category is an A-linear abelian category, if 
Hom(M, N) has a structure of yl-module for objects M, N and the composition of 
morphisms is compatible with the structure of A-module. A functor of an A-linear 
abelian categories is called an ^4- linear functor if the map of morphisms is 74-linear. 
In this paper, a functor of A-linear abelian categories is assumed to be an A-linear 
functor. 

A theory of A-mixed sheaves on V consists of A-abelian categories Ai{X) with 
A-linear functors For : M{X) ^ Perv(A(C), A) for X e V such that: 

(1.1.1) The functor For is faithful and exact. 

(1.1.2) For(M) is quasi-unipotent in the sense of [21], and For(M) has a stratifica- 
tion defined over k such that the restrictions of the cohomology sheaves of 
For(M) to each stratum are local systems. 

(1.1.3) Each M e A4{X) has a finite increasing filtration W, called the weight 
filtration, which is strictly compatible with any morphism of A4{X) (i.e., 
M — > Gr^M is an exact functor). 

(1.1.4) The graded pieces GrfM are semisimple for M e M{X). 
Moreover they should satisfy the properties in (1.2-6) below. 

Remark. We will denote also by 

(1.1.5) For : D^M{X) D^^{X{C),A) 

the composition of For : D''M(X) D^Perv(A(C), A) with real : D^Perv(X(C), A) 
— >■ D^(X(C), A) in [3], and For(M) is called the underlying A-complex (or perverse 
sheaf) of M G D''Ai{X) (or A4{X)), where Z)^ denotes the bounded derived cate- 
gory (associated with an abelian category). See [35]. Then 

(1.1.6) Foroii-^ = P7i'=oFor 
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by [3]. In particular, we get 

(1.1.7) A morphism of D^Ai(X) is an isomorphism if and only if so is its image by 
For, 

because we have by (1.1.1): 

(1.1.8) For : M{X) Perv(X(C), A) commutes with Ker, Im, Coker. 

1.2. Dual. There exists a contravariant functor 

(1.2.1) B : Mix) ^ M{X) 
with a functorial isomorphism 

(1.2.2) ForoD = DoFor, 
such that 

(1.2.3) WiiBM) = D(M/iy_i_iM) 
for M e (X) . There exists a functorial isomorphism 

(1.2.4) ^ 

which corresponds to the natural isomorphism on the underlying perverse sheaves 
by the functor For. 

1.3. Open Pull-back. For an open embedding j : X ^ Y oi varieties of V, there 
exists a functor 

(1.3.1) / : M{Y) ^ M{X) 
with a functorial isomorphism 

(1.3.2) Foroj* = j*oFor, 
such that 

(1.3.3) Wi{fM)^f{WiM) 

for M e M.{X). We denote j* also hy f. Then there exists a functorial isomor- 
phism 

(1.3.4) Bof=j*oB 

which corresponds to the natural isomorphism on the underlying perverse sheaves 
by the functor For. 

If j ~ id, there exists a functorial isomorphism 

(1.3.5) j* = id 

which corresponds to the natural isomorphism on the underlying perverse sheaves 
by the functor For. 

For open embeddings j : X — > Y, / : y — > Z, there exists a functorial isomor- 
phism 

(1.3.6) r°/* = (/jr 

which corresponds to the natural isomorphism on the underlying perverse sheaves 
by the functor For. 
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Remark. If j : X — > F is an isomorphism of varieties of V, (1.3.1) is an equivalence 
of categories by (1.3.5-6). 

1.4. Direct Image. For an affine morphism f : X ^ Y oi varieties of V, there exists 
a cohomological functor 

(1.4.1) H^f,:M{X)^MiY) 
with a functorial isomorphism 

(1.4.2) YoxoH'^f^ = PH^f^ oFor, 
such that 

(1.4.3) Wi+k{H''fM)^0 if WiM^O 

for M e M{X). For an open embedding j :Y' ^ Y, let X' = f~'^{Y') so that we 
have a cartesian diagram: 

X X' 



f 



f 



Y > Y' 

j 

Then there exists a functorial isomorphism 

(1.4.4) f-oH'^ = H'fiof 

which corresponds to the natural isomorphism on the underlying perverse sheaves 
by the functor For. 

If / is a closed embedding or an affine open embedding, we define by H^f*, 
because i^^/* = for A; 7^ by (1.4.2). Then, for a closed embedding i : X ^ Y 
of varieties of V, there exists a functorial isomorphism 

(1.4.5) Doi, = i,oD 

which corresponds to the natural isomorphism on the underlying perverse sheaves 
by the functor For, and 

(1.4.6) : M{X) ^ Mx{Y) 

is an equivalence of categories, where AixiY) is the full subcategory of Ai(Y) 
consisting of the objects M such that suppM C i{X) (i.e., j*M — for j : 
Y\i{X)^Y). 

If j : X — > y is an affine open embedding of varieties of V, there exist functorial 
isomorphism and morphism: 

(1.4.7) fj^^id and id^jj*, 

which correspond to the natural isomorphism and morphism on the underlying 

perverse sheaves by the functor For. 

Let f : X ^ Y and g : Y ^ Z he affine morphisms of varieties of V. Then, for 
M G Ai{X) such that H^f^M = for i ^ 0, there exists a functorial isomorphism 

(1.4.8) Wg^H^UM = H%gf)M, 
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which corresponds to the natural isomorphism on the underlying perverse sheaves 
by the functor For. 

Remarks, (i) By (1.4.6), we have 

(1.4.9) M{X,,^) = M{X). 

(ii) If j — id, (1.3.5) and (1-4.7) imply a canonical isomorphism 

(1.4.10) = id. 

If / is an isomorphism, /* is an equivalence of categories and /* is a quasi-inverse 
of by (1.4.7-8) (1.4.10). 

1.5. External Product. There exists a bifunctor 

(1.5.1) K : M{X) X M{Y) M{X X Y) 
with a functorial isomorphism 

(1.5.2) For(M ^ N) ^ For(M) K For(A^) 
for M e M(X), iV e M{Y), such that 

(1.5.3) Wn{M ^ N)= WiM H WjN, 

i+j=n 

where WiM M WjN is a subobject oi M M N, because Kl is exact for both factors 
by (1.5.2) and (1.1.1). There exists a functorial isomorphism 

(1.5.4) {M M N) M M M {N M L) 

for M e M{X), N e M{Y), L e M{Z), which corresponds to the natural isomor- 
phism on the underlying perverse sheaves. 

Let L : X X Y Y X X he an isomorphism defined by i{x,y) — {y,x). Then 
there exists a functorial isomorphism 

(1.5.5) L^{MMN)=NMM 

for M G Ai{X)j N G Ai{Y), which corresponds to the natural isomorphism on the 
underlying perverse sheaves. 

For an open embedding j : X' ^ X and an affine morphism / : X — > Z of 
varieties of V, there exist functorial isomorphisms 

(1.5.6) D(M ^ N)^ DM K BN, 

(1.5.7) {j X idy{M M N)= j*M M N, 

(1.5.8) H''{f X id)^{M M N) ^ H^f^M K N 

for M G M.{X), N G M.{Y), which correspond to the natural isomorphisms on the 
underlying perverse sheaves. 

1.6. Constant Object. There exists an object of A^(Spec/i;) with an isomor- 
phism 

(1.6.1) For(^-^) = A, 
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such that 

(1.6.2) Grfyl^^O for i^^. 
There exists an isomorphism 

(1.6.3) D(^-^) = 

which corresponds to the natural isomorphism on the underlying vector spaces by 
the functor For. 

There exists a functorial isomorphism 

(1.6.4) nM = M 

for M e M.{X\ which corresponds to the natural isomorphism on the underlying 
perverse sheaves by the functor For, where Spec A; x X is naturally identified with 
X, and Al(SpecA; x X) with M.{X) using Remarks after (1.3) and (1.4). 

For a smooth variety X e V of pure dimension n, there exists ^x'N ^ M.{X') 
with an isomorphism 

(1.6.5) For(A^[n]) = Ax(C)W, 
and a morphism 

(1.6.6) A^ ^ E-^{axU^^{n\) 

which corresponds to the natural morphism A i?°(ax(c))*^x(c) by the functor 
For, where ax '■ X ^ Spec A; and ax(c) • X(C) SpecC arc natural morphisms. 

Let 5 : X — > X X X denote the diagonal morphism for a smooth pure dimensional 
variety X e V. Then, for M e A4(X), there exists a morphism 

(1.6.7) DM n M 5,DA^ 

in the bounded derived category D^M.{X), which corresponds to the natural pair- 
ing of the underlying perverse sheaf DFor(M) ® For(M) — > I^Axic) by the functor 
For and the adjunction for 5, where Aj^ = (^xN ^ D^M{X), and 5*,D 
are naturally extended to the derived categories (because they are exact functors). 
Moreover, the morphism 

(1.6.8) Hom>,(x)(Ar,DM) ^ Homz)fe^(xxX)(A^ K M,(5,DA^) 
obtained by the composition with (1.6.7) is bijective for M.N G Ai{X). 

1.7. Remark. Since the functor For : Ai{X) Perv(X(C),A) is faithful, a mor- 
phism of Ai{X) is uniquely determined by its underlying morphism of perverse 
sheaves. So the compatibility of some morphisms of A1(X) can be reduced to that 
for the underlying perverse sheaves. 

1.8. Examples. We are interested in the case V = V{k). By (6.15) below, we may 
assume V is the full subcategory of smooth varieties. 

(i) A basic example is: M{X) = MRM{Xc,A) the category of mixed Hodge 
Modules on Xc with 74-coefficients [27] [28], where A is a subfield of M. 

(ii) Let MFrh{T^x) be the category of regular holonomic Dx-Modulcs M with 
a good filtration F (i.e., M (g)^ C is regular holonomic on Xc (cf. Remark below) 
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and Gr^M is coherent over Qy^Vx), and MFW,/,(Dx) the category of (M, F, W) 
where (M, F) e MFr/j(Dx) and is a finite filtration of M. Here we assume 
varieties are smooth using (6.15). Then we have a natural functor 

(1.8.1) M¥Wrh{Vx) ^ MYWrh{Vx^) 

If ^4 is a subfield of M, we can define }A{X) using the fiber product of MHM(Xc, A) 
and M¥Wrh{T^x) over M¥Wrh{T^Xc) (i-e., the underlying D^c-Module of a mixed 
Hodge Module is defined over X as a "Dx-Module with filtrations F and W) . Here 
we assume that a polarization on the graduation by the weight filtration W of 
the mixed Hodge Module is defined also on the underlying filtered Px-Module 
Grf (M,F) as the self duality ©(Grf (M,F)) ~ (Grf (M, F))(i), where the dual 
functor D and Tate twist (i) are defined as in [27, §2]. Then we can check the 
conditions of mixed sheaves. For example, (1.6.8) for filtered Dx-Modulcs follows 
from the same argument as in [34], using the resolution by canonical induced filtered 
P-Modules in [27, §2]. 

(iii) Let X = X ®k k with k the algebraic closure of k in C. For a prime 
number /, let PervG!(X, Q^) be the category of ctalc perverse sheaves on X with Q;- 
coefficients [3] endowed with action of the Galois group G = Gal{k/k) compatible 
with its action on X (i.e., for e PervaiX, Qi) and g E G, there is an isomorphism 

^ {ag)*J^ in Perv(X, Q^) compatible with multiplication of G (cf. [13]), where 
ag denotes the action of g on X). Since wc will restrict to the full subcategory 
of the objects of geometric origin, it would not be necessary to assume further 
condition on the action in this stage. We have a functor 

(1.8.2) PervG(X,Q;) ^ Perv(X(C),QO 

by [3]. This functor would be compatible with direct image, dual and external 
product by [loc. cit.]. Then, for A = Q, wc can define Ai{X) using the fiber 
product of MHM(Xc, A) and PervG(^, Q;) over Perv(X(C), Q;), where we assume 
that the weight filtration W of the mixed Hodge Module M is also defined on the 
corresponding etale perverse sheaf, and a polarization of the Hodge Module Grf^ M 
is defined also on the corresponding etale perverse sheaf Gr^ K as the self duality 
I]){Gr^K) ~ (Gr]^)(i). Then the conditions of mixed sheaves should be satisfied. 
For example, (1.6.8) for PervG(X,Qi) is reduced to 

(1.8.3) Hom(^, RHomiB, C)) = Roui{A B, C) 
which would be compatible with (1.8.2). 

(iv) We can also combine (ii) and (iii), i.e., use the fiber product of MHM(Xc, A), 
Mrh{Vx) and PervG(X, Q;), where A = Q. An object consists of ((M, F), K, Kr, W) 
where (M, F) e MFrh{Vx):K e Perv(X(C), Q), /T, e PervG(X,Q;), and W is a 
finite filtration on M, K, Ki. Moreover, they have comparison isomorphisms com- 
patible with W as above, such that {{M ®k C, F), K; W) is a mixed Hodge Module 
on Xc and the graduation of W has a self-duality inducing a polarization of Hodge 
Module as above. 
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(v) Since the above example depends on the choice of the prime / and the embed- 
ding k —>■ C,it would be more natural to consider all the prime numbers / and all the 
embeddings (t:/c— >C,ct:A;— >C (extending a) where k is an algebraic closure of k. 
This means that an object consists of ((M, F), K„, Kf, W) where M G MrhiT>x), F 
is a good filtration on M, K^r G Perv(Xo-(C), Q) with Xo- = X ®k,a C for each em- 
bedding a : k ^ C, Ki E PeryQ^X, Qi) for each prime number /,and is a finite 
filtration on M,K„,Ki, such that they have comparison isomorphisms for any a 
and a, I (see also [11] [12] [14] [20]), and ((M ^k,a C, F), K^; W) is a mixed Hodge 
Module on X^ for any a. Moreover, the graduation of W has a self-duality inducing 
a polarization of Hodge Module. In this way, we would get a natural extension of 
[11] [12] [14] [20]. 

Remark. Let X be a smooth variety over a subfield k of C, and Xq = X C. 
We have the ring of differential operators T>x on X by Grothendieck [16] (cf. also 
[8] [34, (1.20.2)]). A Px-Module M is called holonomic or regular holonomic if so 
is M (E)k C, where M (E)k C is defined by the scalar extension of the global sections 
on each affine open subset. Then a holonomic P^-Module M has the filtration 
V of Kashiwara [22] and Malgrange [24] on its direct image by the embedding by 
graph of a function on X, because it admits locally the 6-function (i.e., Bernstein 
polynomial) as in [36] (this can be checked also using the Weyl algebra argument 
as in [8]). Let {M,F) be a regular holonomic "Dx-Module with a good filtration, 
and assume (M, F) ®fc C underlies a Hodge Module. Since the scalar extension 
by /c ^ C is exact and faithful, the intersection of F and V commutes with the 
scalar extension, and the condition of Hodge Module on F and V is satisfied over 
k. By the same argument as in [28, (2.8)] we can define the direct image of (M, F) 
by an open embedding whose complement is a locally principal divisor, using the 
filtration V. So the functors in (1.8) can be defined for the underlying filtered 
r>x-Modules (M,F). 

1.9. Remark. Let X be a subfield of C containing k such that K is finitely generated 
over k. If a theory of mixed sheaves Ai{X) over V{k) is given, we can define a 
theory of mixed sheaves AixiX) over V{K) as follows. Let S = Speci? for a 
subring R of K, which is finitely generated as /c-algebra, and generates K. For 
X e V{K), there is an open subvariety U oi S and Xu e V{k) with a morphism 
Xij — > U whose fiber at the generic point is X. (Here Xu is essentially unique 
by restricting to sufficiently small open subvarictics.) Wc define AixiX) by the 
inductive limit of /A{Xu) where U runs over open subvarieties of S. The inclusion 
X — > C determines a closed point x of Sq which is not contained in any divisor 
defined over k, and For is defined by restricting the underlying A-perverse sheaf to 
the fiber at x. 
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§2. Direct Images 

2.1. Let / : X — > y be a morphism of varieties of V. Define a cohomological 

functor H'^fi by 

(2.1.1) i/^! 
so that 

(2.1.2) For o ^fTi'^/.o For, 

(2.1.3) Wi^k{H^ fiM) = fxM if W^M = M 

for M e M.{X). If / is a closed embedding or an affine open embedding, we define 
/i by H^fx as in (1.4) so that 

(2.1.4) /,oD = Do/,. 
For a closed embedding i, we have by (1.4.5): 

(2.1.5) ii = U. 

2.2. Lemma. Let {Ui} be a finite affine open covering of X , and Uj = Hie/ ^« 
with natural inclusion jj : Uj ^ X . Then, for M G A4{X), there is a natural 
quasi-isomorphism of M to the Cech complex whose p*'* component is 

(2.2.1) ®\i\=p+i{ji)*{ji)*M forp>0 and otherwise . 
Proof. By (1.4.7), this is reduced to the isomorphism 

(2.2.2) (Jl)*(jl)*(j2)*(j2)* = (J{1,2})*(J{1,2})* 

which follows from (1.3.6) (1.4.4) (1.4.8). 

Remark. If X G is a disjoint union of open subvarieties Ui,U2 with natural 
inclusions ji : Ui ^ X, j2 : U2 ^ X . Then we have an equivalence of categories 

(2.2.3) iinY, (J2)*) : Mix) ^ Mm X Mm 

with quasi-inverse defined by (Mi,M2) — >■ (ji)*Mi © (j2)*-^2 as a special case of 
the above Lemma. 

2.3. Corollary The objects and morphisms of M{X) are defined locally. 

2.4. Proposition. Let f : X ^ Y be a morphism of varieties ofV. Then we have 
exact functors of triangulated categories: 

(2.4.1) /, : D'^MiX) D''M{Y) 
such that 

(2.4.2) /,oD = Do/„ 

and they are compatible with the corresponding functors and isomorphism on the 
underlying A-complexes by the functor For in (1.1.5). // / is affine, the induced 
cohomological functors coincide with (1-4.1) (2.1.1) {i.e., the isomorphism of the 
underlying perverse sheaves is lifted to an isomorphism of Miy)). 
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Proof. By definition, it is enough to show the assertion for It is checked using an 
affine covering {Ui} of X and a sheaf theoretic resolution in [2] (because \k\ = oo). 
In fact, for a finite number of objects Mk G M.{X), there are surjective morphisms 
— > Mk compatible with any morphisms between Mk (i.e., the morphisms are 
naturally lifted to morphisms between M(,) such that H^{fi)^{ji)*Ml = (A; 7^ 0) 
for any / (i.e., M^ can be taken independently of /), where // = fji with ji as in 
(2.2). (In fact, M( is a finite direct sum of {ju)\{juyM for affine open subvarieties 
U with ju '■ U X. where U are the complements of generic hyperplane sections of 
affine open subvarieties which cover X. See [loc. cit.].) So, for a bounded complex 
M, we have a resolution M' — > M such that M' is bounded above and 

(2.4.3) H'^ifiUjiYM'^ ^0 for A; ^ 0. 

The direct image /*M is defined by the Cech double complex whose (p, q') -component 
is 

(2.4.4) 0|/|=p+i^°(//)*(i7)*M'« for p > and otherwise . 

Here we use also the truncation r in [35], because H^f^M = for /c << 0. We can 
check the indcpendentness of the choice of resolution and open covering. 

For the last assertion, we may assume X, Y affine, because the assertion is local. 
Then we can use the trivial covering of X for the definition of direct image, and 
the assertion follows, because the fact that H^f^ = for i > and H^f* is the 
cohomological left derived functor of f*. 

Remark. If / is an open embedding, it is not necessary to take a resolution of M, 
because the direct image by an affine open embedding is exact. 

2.5. Corollary Let U he an affine open subvariety of X, and M e M.{U) such 
that H^{fj)^M = (resp. H^{fi)iM = 0) for ky^O, where j : U ^ X . Then we 
have a natural isomorphism in D''A4{Y) : 

(2.5.1) /,(j,M) = H\fj),M (resp. /,(j,M) = H\fj),M). 

Proof. This follows from the proof of (2.4). It is enough to show the assertion for 
Take an affine open covering of X such that C/ is a member of the covering. 
Then we get a morphism f*{j*M) — > {fj)*M by definition of direct image, because 
j*{j*M) — M. Then the assertion follows from the last assertion of (2.4). 

2.6. Corollary For morphisms f : X ^ Y, g : Y ^ Z of varieties ofV, we have 
functorial isomorphisms 

(2.6.1) ^*/* = (^/)*, g\f\ = {gf)\ 

which correspond to the natural isomorphisms on the underlying A-complexes by 
the functor For in (1.1.5). 

Proof. Take affine open coverings {C^i}, {V^} of X,Y such that f{Ui) C Vi. Then 
the assertion is reduced to (1.4.8) using (2.5), because the resolution M' in (2.4) is 
independent of /. 
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2.7. Proposition. Let f : X ^ Y be a morphism of varieties ofV, and Z e V. 
Then we have a functorial isomorphism 

(2.7.1) (/ X id)^{M M N) = /,M M N, {fx id)^{M M N) = f,M M N 
for M G D''M iX),N e D^M (Z) . 

Proof. This follows from the definition of direct images and (1.5.8). 

Remarks, (i) By (1.5.2), the external product is exact for both factors, and it is 
naturally extended to 

(2.7.2) M : D''M{X) x D''M{Y) D^M{X x Y). 
We have a natural isomorphism 

(2.7.3) H^{M K AT) = @^^.^^H'M m WN 

induced by the inclusion Ker d lEI Ker d — > Ker(d lEI id±id IE d). 
(ii) We can deduce 

(2.7.4) {id X f)^{N ^ M) ^ N ^ /*M, {id x /)!(A^ ^ M) ^ N M f^M 
from (2.7.1), using (1.5.5). Combined with (2.6), we have 

(2.7.5) (/ X g),{M M N) = /,M K g,N, (/ x g)i{M M N) = fM K g,N 

ior f : X ^Y,g : Z and M e D^M{X), N e D^M{Z), using the decompo- 

sition f X g ^ {f X id) o {id X g). 



§3. PuU-Backs 

3.1. Let f : X ^ Y he a, morphism of varieties of V. We define functors 

(3.1.1) /*, /• : D^M{Y) D^M{X) 

by the left and right adjoint functors of f\ respectively, i.e., we have functorial 
isomorphisms (called the adjoint relations): 

(3.1.2) Hom(/*Ar, M) = Hom(A^, f^M), Hom(M, f-N) = Hom(/!M, N) 

for M e D^M{X),N e D''M{Y). So these functors are unique if they exist. By 

(2.4.2) and (2.6), we have 

(3.1.3) /'oD = Do/* 

(3.1.4) /V = {gfT, fg- = (gf)- 

iox f : X ^Y,g -.Y ^ Z. 

The first isomorphism of (3.1.2) is equivalent to two morphisms a : N ^ f*f*N 
and f3 : f*f*M M such that 

(3.1.5) /3 o /*« : f*N ^ rf.f*N ^ f*N 

(3.1.6) f,(5oa: f^M ^ /J7*M ^ /,M 
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are isomorphisms and one of them is the identity (which imphes that the two 
morphisms are inverse of each other) . This is checked using a commutative diagram 

f*N — > ru*N — > rN 
ruM — > M 

and a similar diagram. The argument is similar for the second isomorphism of 
(3.1.2). 

The morphisms 

(3.1.8) -> /J*iV and /./'M ^ M 

associated with (3.1.2) are called the restriction and Gysin morphisms respectively. 

We will show the existence of /*, f' by factorizing / into a composition of closed 
embedding and projection. See (3.7) and (3.8-9). The arguments show also that 
they are exact functors of triangulated categories, which are compatible with the 
corresponding functors on the underlying A-complexes by For, and the adjoint rela- 
tion (3.1.2) is also compatible with For. Moreover, we will show the commutativity 
with the external products, e.g., 

(3.1.9) (/ X idy{N M M) = f*N MM, {fx id)-{N M M) = fN M M 

for M e D^M{Z), N e D^M{Y) (similarly for idx f). 

We first check the compatibility with the previous definition of open pull-backs: 

3.2. Proposition. Let j : X ^ Y be an open embedding of varieties of V. Then 
we have canonical functorial morphisms and isomorphisms: 

(3.2.1) -^id^ jS and fj^ = id = fj\, 

which correspond to the natural morphisms and isomorphisms on the underlying 
A-complexes by the functor For in (1.1.5). Moreover, (3.2.1) induces the adjoint 
relations 

(3.2.2) Hom(j*A^, M) = Rom{NJ^M), Hom(M,/A^) = Hom(j!M, N) 
for M e D''M(X), N e D''M(Y). 

Proof. The first assertion follows from the definition of direct image (cf. Remark 
after (2.4)) and (1.4.7), using (2.2). For (3.2.2), we show the first isomorphism, 
because the argument is similar for the second. The morphism of (3.2.2) is induced 
by Q! : ^ j*j*N, and its inverse by /3 : j*j^M — > M in (3.2.1). Wc have to show 
(3.1.5-6). In this case, P is an isomorphism, and : j*N — > j*j^j*N coincides 
with j*a : j*N j*jJ*N by definition. So (3.1.5) is the identity. For (3.1.6), the 
assertion follows from (1.1.7). 

3.3. Proposition. Let i : X ^ Y be a closed embedding of varieties ofV{k) such 
that Y E V. Let j : Y \ i{X) ^ Y be the natural morphism. Then we have exact 
functors of triangulated categories: 

(3.3.1) iii', : D^M{Y) D''xM{Y) 
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and canonical distinguished triangles of functors 

(3.3.2) — id' ^ id ^ j^j* — > j\f ^ id ^ i^i* 

which are compatible with the corresponding functors and triangles on the under- 
lying A-complexes by the functor For in (1.1.5), where D']^M.{Y) is the full sub- 
category of D^M.{Y) consisting of the objects M such that supp H''M C i{X) 
{cf. (1.4.6)). Furthermore, these functors commute with external products as in 
(3.1.9). 

Proof. It is enough to show the assertion for i\r by duahty. Let {Ui} be a finite 
affine open covering of F \ i{X). Then, for a complex M, i\vM is defined by a 
Cech double complex whose (p, g)-component is 

(3.3.3) ®\i\=p{]i)*{jiYM'i for p > and otherwise , 

and i\vM M is defined by the natural projection, where ji is as in (2.2) and 
j0 = id. Moreover, the mapping cone of i\vM — > M is naturally quasi-isomorphic 
to j*j*M by Remark after (2.4). We can check the independentness of the covering, 
using a covering whose members are the union of the member of two coverings, so 
that a morphism of complexes in the derived category is constructed. Here it is 
enough to construct a morphism, because it is a quasi-isomorphism by (1.1.1) and 
(1.1.6). The last assertion follows from (2.7.1). 

3.4. Corollary With the above notation, assume X e V. Then we have canonical 
cohomological functors 

(3.4.1) HH, HH* : D^M{Y) M{X) 

and canonical long exact sequences of cohomological functors 

(3 4 2) ' ■ 

^ ■ ■ ^ ^ H'^jif ^H^ ^ i,HH* H^^^jif ^, 

which are compatible with the corresponding cohomological functors PTi^vPTi^i* 
and long exact sequences on the underlying perverse sheaves by the functor For. 
Furthermore, these functors commute with KIM for M e A4{Z) as in (3.1.9). 

Proof. This follows from (3.3) and (1.4.6), because i\ — and j* — f are exact 
functors and commute with external products, and Kl M is an exact functor. 

3.5. Proposition. With the notation of (3.3), the morphisms id' — > id and id — > 
ij* in (3.3.2) induce the adjoint relations 

(3.5.1) Hom(M, id'N) = Hom(M, N), }lom{iJ*N, M) = Hom(Ar, M) 
for M e D\M{Y), N e D^M{Y), where D\M{Y) is as in (3.3). 

Proof. This follows from the triangles in (3.3.2) and (3.2), because j*M — (which 

is reduced to the case M G Aix{Y)). 

Remark. By (3.5), the existence of the pull-back functors in the closed embedding 
case (cf. (3.7)) is reduced to the equivalence of categories: 

(3.5.2) i. = : D''M{X) ^ D^M(r), 
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which will be proved in (5.6). So we will consider the projection case. 

3.6. Let X.Y E V, and p : X x Y Y he the second projection. Assume there 
exists Aj^ G D^Ai{X) with an isomorphism For(A^) = Ax(c) and a morphism 

(3.6.1) A^ ^ H\ax).A-^ 

whose image by For is the natural morphism A H^{0'X{c))*^x{c)- (If ^ is 
smooth, A'x exists by (1.6).) Note that (3.6.1) induces naturally a morphism in 

(3.6.2) A^ ^ {ax).A^, 
because H^{ax)*Aj^ = for A; < 0. Let 

(3.6.3) p*N = A-^ M N, pN = DA^ M N, 

and define the morphism a : N ^ p^p*N, a : pip N ^ N in (3.1) by 

(3.6.4) N^A^^N^ {ax)*A^ ^ p^p*N 

and its dual, where the first and last isomorphisms are induced by (1.6.4) combined 
with (1.5.5), and (2.7.1) respectively, and the middle morphism by (3.6.2). The 
construction of (3 will be given in (3.8). We will use the fact that the composition 

(3.6.5) N p,p*N p,{iJ*)p*N 

is an isomorphism for a section i : Y ^ X x Y of p, where the morphisms are 
induced by (3.6.4) and (3.3.2). This follows from (1.1.7), because the underlying 
morphism of A-complexes is an isomorphism. 

In the later part of this section we will use (3.5.2). Note that the proof of (3.5.2) 
in §5 does not use the later part of this section and §4. We first get the following 
Theorem by (3.5) and (3.5.2). 

3.7. Theorem. Leti,j be as in (3.3). Then we have exact functors of triangulated 
categories: 

(3.7.1) : D^M{Y) D^M{X) 

compatible with the corresponding functors on the underlying A-complexes by the 
functor For in (1.1.5), so that their compositions with i\ = i^ coincides with (3.3.1), 
andv,i* commute with external product as in (3.1.9). Moreover, the morphisms 
i\r id and id i^^i* in (3.3.2) induce the adjoint relations 

(3.7.2) Hom(M, rN) = Hom(i!M, iV), Hom(f iV, M) = Hom(iV, i^M) 
for M G D^M (X) , iV G D^M (Y) . 

Remark. We have a functorial isomorphism 

(3.7.3) I'i] = i*i^ = id, 

because iii'M = iJ*M = M for M G D''xM{Y) by definition. 

3.8. Theorem. Let p : X x Y ^ Y be a projection. Assume Aj^ G D''Ai{X) in 
(3.6) exists. Then the pull-back functors p* , p are defined by (3.6.3), so that they 
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commute with external product as in (3.1.9). Furthermore, Aj^ in (3.6) is unique 
and we have a canonical isomorphism Ax = a*xA'^ for ax '■ X ^ Spec k. 

Proof. We show the assertion for p*, because the dual argument holds for p-. The 
morphism a : N ^ f*f*N in (3.1) is defined in (3.6.4). For the construction of /3, 
we use a commutative diagram due to Kashiwara (see also [28] [33]): 



XxY XxXxYY XxY 



(3.8.1) 



pi 



91 



YY XxY 



where qi, q2 are induced by the projections of X x X to the first and second factors, 
f = Pi = P2 and qii = q2i = id. We define (3 : f*f^.M ^ M by 

(3.8.2) pI{Pi).M = {qi),q;M {qi)JJ*q;M = i*q*M = M 

where the first three morphisms are induced by (2.7.1), (3.3.2), (2.6.1), and the 
last by (2.6.1) and (3.6.5) (applied to q2 and i). Then (pi)* of the first morphism 
of (3.6.5) (applied to q2 and i) coincides with 

a : (pi)*M ^ (p2)*p;((pi)*M) 

by (2.6.1), (2.7.1). So (3.1.6) is the identity. Since (3.1.5) is an isomorphism by 
(1.1.7), we get the first assertion. The last assertion follows from (1.6.4) and the 

uniqueness of the adjoint functor for p = ax- 

3.9. Proposition. In the notation of (3.8), {and hence p^,p\) exists. 

Proof. It is enough to show the existence of The case X smooth is clear by 
(1.6). If there is a closed embedding i : X ^ Y with Y smooth (e.g., Y = A"), 
we have i*A-^ e D^M.{X) using (5.6), and it satisfies the condition of Aj^ by an 
argument similar to (3.10). Moreover, it is unique by (3.8). In general we may 
assume that X is covered by two open subvaricties Ui, U2 such that A-^ exists for 
i = 1,2. Let f/3 = f/i n U2 with natural morphisms ji : Ui X,j'- : U3 — > Ui. Then 
we have a canonical isomorphism [j^yA-^ = Af^ with a morphism Aj^ — >■ [j^)^Af^ 
for i = 1, 2 by uniqueness of Af^. So Aj^ is defined by the mapping cone: 

c(e.=i,2(j.)*< - (j3).0[-i] 

whose underlying A-complex is 

Remark. For a morphism / : X — > y of varieties of V, we have 

(3.9.1) f*AP = Aj^ 

by (3.8) and (3.1.4). So (3.1.8) induces the morphisms 

(3.9.2) A^^f.Aj^, f^BAx^^A^ 

which are called the restriction and Gysin (or trace) morphisms respectively. They 
are compatible with the composition of morphisms of varieties, because the adjoint 
isomorphism (3.1.2) is compatible with the composition by the proof of (3.1.4). So 
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they are compatible with the restriction and Gysin morphisms on the A-complexes 
by the functor For, because it is clear by definition in the case of closed embedding 
and projection. 

3.10. Proposition. For a cartesian diagram in V{k) : 

X X' 

(3.10.1) f f, 

Y Y' 

such that X, Y, X',Y' e V, we have canonical functorial isomorphisms 

(3.10.2) gU^fJ\ g*h^f{g'*. 

Proof. If is a projection, the assertion follows from (2.7). If is a closed embed- 
ding, it follows from the definition of direct image and pull-backs, using open cover- 
ings {t/i}ie/, {yi}iei of X, Y such that {t/j}iej, {Vi}i^j are coverings of X\X' , Y\Y' 
respectively. See [28, (4.4.3)] for detail. 

§4. Duality 

4.1. Definition. Let X e V, and 5 : X ^ X x X the diagonal morphism. For 
M,N e D^M{X), let 

(4.1.1) N®M^S*{N^M), nom{N,M)^6-{lDN ^ M). 

Then 
(4.1.2) 

For(A^ ® M) = For(A^) ® For(M), For{nom{N, M)) = nom{For{N), For(M)), 
cf. [8] [32]. By (3.1.9) (3.1.4) (1.5.4) (1.5.5), we have 

(4.1.3) {N^M)^L^N^{M^L), 

(4.1.4) N^M^M^N, 

because l* = (t~^)* by (t~^)*6^, = id, t*(t~^)* ~ id. We have also 

(4.1.5) A-^(^M = M for M e M{X) 

by (3.6.5). The image of these isomorphisms by the functor For is the natural 
isomorphisms. 

4.2. Definition. Let X Define 

(4.2.1) A^{-1) ^ H\ax)uA-^, ^^(1) = D(^^(-l)). 
and 

(4.2.2) A^{n) = A^{n-l)0A^{l),A^{-n)=A^{l-n)0A^{-l) 
by induction on n > 0. Here 

(4.2.3) M = M M N for M,NeM{Speck) 
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using the identification Spec k x Spec k = Spec k. We have a canonical isomorphism 

(4.2.4) For(A-^(n)) = A{n) 
where the right hand side is defined by 

(4.2.5) A{n) ^A^z Z(n) with Z(n) = (27ri)"Z C C, 
cf. also [27, 2.5.7]. We have canonical isomorphisms 

(4.2.6) A^ (n) ® A^ (m) = A^{n + m) 

for m,n e Z, whose image by For is the natural isomorphisms, because the case 
nm — —1 follows from (1.6.7). 
We define the Tate twist (n) by 

(4.2.7) M{n) M A^{n) for M e M{X) 

using the identification X x Spec A; — X. It is an exact functor and is naturally 
extended to D^'MiX). We have 

(4.2.8) (M(n))(m) = M{n + m) 

(4.2.9) ©(M(n)) = (DM)(-n) 

by (4.2.6) (1.5.6), and the Tate twist commutes with direct image and pull-backs. 

4.3. Proposition. Let X be a purely n-dimensional smooth variety ofV. Then 
we have a canonical isomorphism 

(4.3.1) DA^ = A^(n)[2n] 

whose image by the functor For is the canonical isomorphism. In particular, we 
have the trace morphism 

(4.3.2) H^''{ax)iAj^{n)^A^ 
whose image by For is the natural trace morphism. 

Proof. By uniqueness of A^ (cf. (3.8)), it is enough to show the last assertion, 
because the dual of (4.3.2) is 

^ //°(ax)*(DO(-n)[-2n]. 

Here we may restrict X to any dense open subvariety U oi X, because the inclusion 
j : U ^ X induces an isomorphism 

(4.3.3) H''^(au)iA^ ^ H^^(ax)iAj^. 

If X = A\ (4.3.2) is clear by (4.2.1) and (4.3.3). If X = A", we have a decomposi- 
tion X ^X' X X" with X' = A^ X" = A"-^ and 

(4.3.4) (ax)!^^ = (axOi^^ ^ {ax")iA^. 

by (2.7.5), because Aj^ ^ Aj^, K Aj^,, by (3.8). So we get the assertion. 

In general, we may assume that there is a proper etale morphism f : X ^ Y 
such that Y is an open subvariety of A", by shrinking X. By Lemma (4.4) below. 
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we have a canonical isomorphism f'A^ = f*A^ = Aj^ which induces a morphism 
f\Ajf — > A-^ by (3.1.8). So we get a morphism 

(4.3.5) ff2"(ax)!^x ^ H^'\aY)iA^, 

and (4.3.2) is defined by composition with the trace morphism of Y. 

4.4. Lemma. Let f : X ^ Y be an etale morphism of smooth varieties of V. 
Then we have a canonical isomorphism 

(AAA) f-M = f*M for M e MiY) 

whose image by the functor For is the natural isomorphism. 

Proof LetX' = XxYX with the natural morphisms i : X' ^ X xX, f : X' ^ Y. 
Taking the pull-back of the pairing (1.6.7), we get 

(4.4.2) /'DM m f-M ^ (/ X f)-5^B)A^ 

by (3.1.9), where 6 denotes the diagonal morphisms. We have 

(4.4.3) (/ X fyS,B)AP = iJ'-BAP = i,BA^ 

by (3.10) (3.1.4). Since / is etale, the diagonal X is an open and closed subvariety 
of y , and we have a natural morphism i*DA^ — > SJ]>Aj^. So we get a morphism 

(4.4.4) /'DM ^ D/'M 

by (1.6.8). This is an isomorphism, because so is the underlying morphism of 
perverse sheaves. So we get the assertion by (3.1.3). 

4.5. Let X be a purely n-dimensional smooth variety of V. We say that L e 
D^M{X) is smooth, if For(L) is a local system (in particular, L[n\ e A4{X)). For 
smooth L e D''M{X), we define 

(4.5.1) L* = (DL)(-n)[-2n] 
so that 

(4.5.2) For(L*) = For(L)* := T^omA (For (L), A) 

(4.5.3) {Aj^y = A-^ 

by (4.3.1). In particular, L* is smooth. Then (1.6.7) (4.3.1) induce a pairing 

(4.5.4) L*®L^ A^, 
whose image by the functor For is the natural pairing 

(4.5.5) For(L)* ® For(L) ^ ^x(C). 
It induces further 

(4.5.6) {L®L*)®{L*®L)^A^, 
using (4.1.3-5), so that 

(4.5.7) {L*®Ly^L®L* 
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Taking the dual of (4.5.4), we get 

(4.5.8) Aj^^L^L*. 

4.6. Proposition. Let X be a smooth variety in V, and L a smooth object of 
M{X). Then, M ® L e M{X) for M e M{X), and the functor ®L is exact. 

Moreover, we have a canonical isomorphism 

(4.6.1) Hom(iV, M ® L*) = Hom(iV L, M) for M, N e D''M{X) 

induced by (4.5.4) (4.1.5). 

Proof. The first two assertions are clear by the compatibility with the functor For. 
We define the inverse of (4.6.1) using (4.5.8) (4.1.5). Then the assertion is reduced 
to the case M,N E A4{X) by the exactness of ®L, ®L*, and we can check the 
assertion using the underlying perverse sheaves. 

4.7. Lemma. For M,N e M{X), we have 

(4.7.1) Ext'=(iV ® M, BAj^) = for k<0 
and 

(4.7.2) Ext^{N ® M, ©A^) ^ Ext°(For(Ar) ® For(M), ©Ax(c)) 

is injective, where Ext" on the left hand side is taken in D''A4{X), and Ext^ on 
the right m Dl{X{C),A). 

Proof. By adjunction for ax '■ X Spec k, we have 

(4.7.3) Ext^N ® M, BA^) = Ext''{{ax)i{N ® M), A-^) 
in a compatible way with the functor For, because 

(4.7.4) BAj^ = axA^ 

by (3.8) (3.1.3) (1.6.3). So the assertion is reduced to 

(4.7.5) H\axUFor(N) (g) For(M)) = for A; > 0, 

using (1.1.1) (applied to Rom{H^(ax)\{N ® M), A-^)) and the compatibility with 
For. But (4.7.5) follows from the vanishing of Ext''(For(Ar), DFor(M))) = for 
k < (cf. [3]) by the isomorphism 

(4.7.6) Ext*^(For(Ar) For(M), DAx(C)) = Ext*^(For(Ar), DFor(M))). 

4.8. Proposition. Let {Ui} be an open covering of X, and ji : Ui :— Hie/^j ~^ 
the natural inclusion. For M,N E M.{X), we have a spectral sequence 

(4.8.1) Ef'' = e|,|^^^,Ext^(j|7V ® j|M, DAg) ^ Ext^+«(7V ® M, BAj^), 

such that = for p < 0. In particular, a morphism N ® M ^ 'BA^' in 
D^M{X) is defined locally on X for M,N eM{X). 

Proof It is enough to show (4.8.1), because £'f'^ = for 5 < by (4.7.1). It is 
induced by the filtration a[9] on the dual of the Cech complex (2.2.1) (applied to 
A^) by the next lemma, using the adjunction for jj. 
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4.9. Lemma. Leti and j he respectively a closed embedding and an open embedding 
of varieties ofV. Then, for M,N E D^A4{X), we have canonical isomorphisms 

(4.9.1) {j\fN) ®M = ji{j-N ® j-M) = jaiN O M) 

(4.9.2) (iJ*N) ® M = i^(i*N ® i*M) = iJ*(N (g) M) 

Proof Let J : X ^Y. The first assertion (4.9.1) follows from (3.10) (2.7) (3.1.4) 
(3.1.9) using the diagram: 

X X > Y 



X xX > X xY > Y xY 

The argument is similar for (4.9.2). 

4.10. Proposition. For M e D^M.{X), we have a canonical morphism 

(4.10.1) BM^M^BAj^ 

in the bounded derived category D^A4{X), such that its image by the functor For 
is the natural pairing ci/©For(M) and For(M), which corresponds to the identity 
on DFor(M) by the natural isomorphism 

(4.10.2) Ext'=(X, DL) = Ext''(X ® L, DAx(c)) 
forK,LeDl{X{C),A). 

Proof. Assume first M e M.{X). Then (4.10.1) is unique by the injectivity of 
(4.7.2). So the assertion is local by (4.8), and we may assume that X has a closed 
embedding i into smooth Y £ V{e.g.,Y — A"). Then we have the canonical 
morphism 

(4.10.3) DiiM (g) iiM ^ DA^ 
by (1.6.7), and 

(4.10.4) miM iiM ^ i0M M) 

by an argument similar to (4.9). So the assertion follows from the adjunction for i. 
Now consider the general case. We have the spectral sequence 

(4.10.5) Ef''^ = Ext«((DM K MyP, S^BAj^) =^ Extf+«(DM ® M, BAj^), 

by the filtration a[9] on DM M M, using also the adjunction for the diagonal 
morphism S : X ^ X x X. We have a canonical element e G E^'^ by (4.10.1) 
(applied to each component of M). Since E^'"^ = for g < 0, it is enough to 
show that e belongs to Ker((ii : E^'^ — > -Ei'°). By the injectivity of (4.7.2), the 
assertion is reduced to that for the underlying perverse sheaves, and we can check it 
using (4.10.2). The compatibility of (4.10.1) with the functor For is checked using 
the spectral sequence (4.10.5) for the underlying A-complexes, which is defined by 
the convolution of filtrations on DFor(M) and For(M) in [3]. 
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4.11. Theorem. ForM,N e D^M{X) , we have a canonical isomorphism 
(4.11.1) Ext^(Ar,DM) = Ext*^(iV® M,D^^) 

induced by the composition with (4.10.1); and it is compatible with (4.10.2) by the 
functor For. 

Proof. The last assertion follows from (4.10), because (4.10.2) is also induced by the 
composition with the natural pairing. Since (4.11.1) is functorial, we may assume 
M,N e Mix). 

We proceed by induction on dimX. Let U be an open subvariety ofX,Y — X\U 
with the natural inclusions i :Y X,j : U ^ X. We have 

Ext^ {i J* N^BM) = Ext^(riV,Di*M) 

Ext'=(j,j'A^,DM) = Ext^(j'Ar,Dj'M) 
by adjunction for i,j, and 

Ext\{iJ*N) (g) M, ©A^) = Ext^ifN ® i*M, BA^) 

Ext^ijifN) ® M, BA-^) = Ext'' if N ® fM, BA^) 
by (4.9) (4.7.4) and adjunction. By inductive hypothesis, the assertion is reduced 
to that for U using the distinguished triangle (3.3.2). So we may assume X smooth 
and pure dimensional, and (H'^M) [— dim X] smooth, by replacing X. Then we may 
assume further M smooth, and the assertion follows from (4.6.1), where L,N,M 
in (4.6.1) are M, N, DA^ respectively in this situation, so that (4.6.1) is equivalent 
to (4.11.1). 

4.12. Theorem. Let f : X ^ Y be a morphism of varieties in V. Then we have 
a canonical functorial morphism 

(4.12.1) /, ^ 

which corresponds to the natural morphism f\ — > by the functor For. In partic- 
ular, (4.12.1) is an isomorphism if f is proper. 

Proof. Taking the direct image of the pairing (4.10.1), we have 

(4.12.2) /.DM K /,M ^ 6JMA-^ 5J])A^ 

by (2.6-7), where the last morphism is induced by (3.9.2). Here 5 denotes the 
diagonal morphisms. By (4.11.1), we get 

(4.12.3) f^B>M Bf,M, 

by (1.6.8), and the assertion follows by replacing M with DM. 

Remark. Using (4.10-11) instead of (1.6.7-8), Lemma (4.4) is valid without as- 
sumption on the smoothness of varieties. 
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§5. Vanishing Cycles 

We first give tfie proof of (3.5.2). 

5.1. Lemma. Let S* — Spec k[t,t~^]. Then we have Lj e D^M{S*) with mor- 
phisms Ui : Li Li^i{i > 0) such that For(Lj) is an indecomposable local system 
of rank i + 1 with unipotent monodromy, For(Hi) is injective, and Lq = Agi . 

Proof. Let X = S* x S* witli p : X ^ S* the second projection. Let ii : S* ^ X 
be the diagonal morphism, and i2 : S* ^ X the section of n whose image is 
{t ^ 1} X S*. We define 7r*A^ ^ ^ N and N ^ 7r*7r*A^ as in (3.6) for 
N e D^M{S*). The composition 

(5.L1) N ^ 7r,7r*7V ^ 7r,((i„),(g*)7r*7V 

is an isomorphism by (3.6.5), where the last morphism is induced by (3.3.2). So 
we get morphisms 

(5.L2) Ua : 7r,7r*Ar ^ 7r4(i„)4i„)*)7r*A^ for a = 1, 2. 

Let L = C(0„^^ 2"„ : Tr^TrMf, 0a=i,2^s^) = so that we have a 

distinguished triangle 

(5.L3) ^ tt.ttM^ ^ e.=i,2^^ 

Then For(L) is an indecomposable local system of rank 2, and we have a morphism 

(5.L4) ^ L 

by the long exact sequence associated with the triangle. 

We define ®'L by {H^5*{L L) )[-!], where 6 : S* ^ S* x ■ ■ ■ x S* is the 

diagonal morphism. Its underlying 74-complex is the i-times tensor of For(L) . We 
have an action of the symmetric group Sn on L M ■ ■ ■ M L (and hence on ®*L) , 
which is induced by (1.5.5) (and is well-defined because it is uniquely determined 
by the underlying endomorphism on For(L) Kl • • • lEl For(L)). We denote the action 
of (7 e S'„ by cr*. Then the symmetric tensor Sym*L of L is defined by the quotient 
of ®'^L divided by X]o-gs„ ■'■"^('^* ~ abelian category A1(X)[— 1]. Let 

Li = Sym*L. Then For(Lj) is an indecomposable local system of rank i + 1, and 
(5.1.4) induces Lj Lj+i for i > 0, where Lq = A^. 

Remark. The above construction of L is inspired by [4] . 

5.2. Proposition. Let X e V, S = SpecA;[t], and S* as above. Let Y = X x 
S,Y* = X X S* with natural morphisms p : Y ^ S, j : Y* Y,i : X x {0} Y. 
Then we have the nearby and vanishing cycle functors with unipotent monodromy: 

(5.2.1) iPp,i:M{Y)^M{X) 
together with functorial morphisms: 

(5.2.2) sp : H~^i*M ipp^iM, can : ijjp^iM (Pp,iM 

for M e A4{Y), which are compatible with the corresponding functors ^V'p,!'^ V'p,! 
and morphisms sp, can on the underlying perverse sheaves [10] by the functor For, 
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where'^ipp^i := %ljp^i[—\],^ ipp^i := ipp^i[—l] on the underlying perverse sheaves. More- 
over, ipp^iM depends only on j*M, and ipp,ij* : M.{Y*) M.{X) is also denoted 

Proof. For M' e M{Y*),we define 

(5.2.3) m; = H^5*{M' m Li), 

where 5 : X x S* ^ X x S* x S* is induced by tlie diagonal morphism of S* . For 
A; 7^ 0, we fiave H^5*{M' K L^) = by tfie compatibility with For (cf. (3.4)). So 
we get 

(5.2.4) 5^M'. = {5J*){M' K Li) in D^M{X x S* x S*). 
In particular, we have a canonical isomorphism 

(5.2.5) = M' 

by (4.1.5). If M' = j*M for M G Ai{Y), it induces a canonical morphism 

(5.2.6) Ui-.M^ 
Applying jij, we get 

(5.2.7) vr.jd-M^jiMi 

with a canonical morphism of the mapping cones C{vi) C{ui). Using (1.4.6), we 
define ^p,iM', ^p^^M for M' e M{Y*), M e M{Y) so that 

(5.2.8) i*iPp,iM' = H-\C{jiM^ ^ jMD) 

(5.2.9) i^^p^iM = H-\C(C(vi) ^ C(ui))) 

for i sufficiently large, and (5.2.2) is induced by the distinguished triangle 

(5.2.10) ^ CUd-M ^ M) ^ C(j,m; ^ j.MD ^ C(C(t;,) ^ C(w,)) ^ . 
The independentness of i and the compatibility with For are checked as in [32]. 
5.3. Lemma. With the above notation, we have canonical functorial isomorphisms 

(5.3.1) i/jp,,{N m A-^[l]) ^ N 

(5.3.2) Vp,i-^ = 0, i^ifp^iM^M 
for N e M{X), M e M{Y) such that suppM c X x {0}. 

Proof. The last assertion is clear, because j*M — M[ — Q if suppM d X x {0}. 
For (5.3.1), let TT : y ^ X be the projection, and M ^ N ^ A^. It is enough to 
show 

(5.3.3) H^i*M = N, 

because sp in (5.2.2) is an isomorphism in this case by the compatibility with the 
underlying morphism on the underlying perverse sheaves. But (5.3.3) follows from 
(4.1.5), because 

(5.3.4) {iJ*)M = i^H'^i*M 



ON THE FORMALISM OF MIXED SHEAVES 25 

by definition (cf. (3.4)), where HH*M = for A; 7^ is reduced to PV!'i*¥oY{M) = 
for k^Q. 

5.4. Definition. Let X e V, and g : X ^ S := SpecA;[t] a function. Let 
ig : X ^ X X S he the embedding by graph, and j : X* -.^ X\ g~^{Q) — >■ X the 
natural inclusion. We define the functors 

V',,! : M{X) ^ M{X), : M{X) ^ M{X) 

by 

(5-4.1) Ipg^l = V'p,l(ig)*, V^g,! = ipp,l{ig)^. 

Here ipg,iM depends only on j*M and : M{X*) M{X) is also denoted 

by ipg,i- By (5.2.2), we have a canonical morphism 

(5.4.2) can : ^ Vg,i- 
If suppM c fi'"^(0), we have 

(5.4.3) ipg^iM = 0, ifig^iM = M 

by (5.3.2) using also (1.4.6) (1.4.8). Here A4{Y) can be taken to be the target 
of the functors if Y := g'^{0) G V. The compatibility with the above definition 
for 5f = p is reduced to the compatibility with the direct image by ig, and will be 
checked later. 

5.5. Proposition. With the above notation, we have a functor 

ig : M{X) M{X) 
with functorial canonical exact sequences 

(5.5.1) ^ -09,1^ ^ ig^ ^ M ^ 

(5.5.2) ^ jij'M ^ igM ifg^iM 

for M e Ji4{X), where j : U :— X \ g~^{0) ^ X is the natural inclusion. 

Proof. Let S = Spec k[t], Y = X x S, and ig : X ^ Y the embedding by graph of 
g. Let jg : Y \ Imig Y he the natural inclusion. Then ^g is defined by 

(5.5.3) igM = ^ A^i^)- 
By (3.3.2), we have an exact sequence 

(5.5.4) ^ {ig)M - UMJgyiM M Af[l]) ^ M K ^^[1] ^ 

using the same argument as (5.3.3-4) (e.g., H^(igY{M K A^) = M if A; = and 
otherwise). Taking ipp^i^ this induces (5.5.1) by (5.3.1). 

The proof of (5.3.2) is same as in [28, 2.22] using the compatibility with the 
functor For. 

Remark. By (5.5.1-2), we have canonical isomorphisms 

(5.5.5) igM = ipg,iM = M 
for M e M{X) supported in ^"^(0). 
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5.6. Theorem. Let i : X ^ Y be a closed embedding of varieties ofV. Then 

(5.6.1) ii^i,: D^M{X) ^ D]^M{Y), 
is an equivalence of categories. 

Proof. By (1.4.6), it is enough to show 

(5.6.2) Ext*^(M, N) = Ext'=(i*M, i^N) 

for M,N G A4{X), where the left (resp. right) hand side means the extension 
group in M.{X) (resp. M.{Y)). It is equivalent to that the functor 

N ^ Ext'' {iM,i^N) 

is efFaceable for k > 0[3][2] (see also [32, 2.3]). By (3.2), it is reduced to the 
case X, Y afiine, using an open covering {Ua} of Y and an injective morphism 
N 0a(ja)*(ja)*^> wherc XnUa^ X, and (1.4.4) (1.4.8) are also used. 
We may further assume X — g~^{0) for a function g, factorizing the embedding i. 
Then (fg^i is a quasi-inverse of 

(5.6.3) D^Mx{y) ^ D],M{Y) 

using (5.4.3) and the quasi-isomorphisms M ^gM — > (fg^iM in (5.5.1-2) for 

M e L>^M(y). 

Remark. Due to (5.6.1), the direct image by a closed embedding will be sometimes 
omitted to simplify the notation. 

Form now on we will use the results in §3 and §4, because (3.5.2) is proved above. 

5.7. Proposition. For a function g : X ^ S as in (5.4), let X* — X \ g~^{0). 
Then we have the nearby cycle functors 

(5.7.1) 7Pg,^g,^,:M{X*)^M{X) 
with the decomposition 

(5.7.2) i/jgM = V'fl.iM e V'5,^iM for M e M{X*) 
They have a functorial endomorphism 

(5.7.3) N -.ipg^ ^^(-l) {same for tpg,=ii). 

These functors and endomorphism correspond to ^ipg,^ ipg^^i and N on the underly- 
ing perverse sheaves by the functor For, where N — (27ri)~^ (2)logT„ with T — TgT^ 
the Jordan decomposition of the monodromy on the underlying perverse sheaves, 
and ^ipg,j^i is the non-unipotent monodromy part of ^ipg. Here (—1) is the Tate 
twist {cf. (4.2)). 

Proof. Let 5"* = Spec A;[t, and t: : S* ^ S* the n-fold covering such that 
7r*t — t^. We have a canonical morphism 

(5.7.4) ^ Ti^Af. 
by (3.9.2). Dualizing this, we get 
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by (4.3) (4.12), whose composition with (5.7.4) is the identity on ^4^. In the 
notation of (5.2), let 

(5.7.6) Vp^ = ^p,i(M®p'*7r*A^)) for M e M{X*) 

for n sufficiently divisible, where p' is the restriction of p to X*. Then we define 
ippM as in (5.4.1). The independentness of n (sufficiently divisible) is checked 
using the direct image of (5.7.4), because the monodromy of ^'0c,(For(M)) is quasi- 
unipotent as a consequence of (1.1.2) (this is checked by reducing to the normal 
crossing case [28, §3]). We have ipg,^i with the decomposition(5.7.2) by (5.7.4-5). 

Now it remains to construct N. It is enough to do it on ipp^i by (5.7.6). With 
the notation of (4.2), we have an isomorphism 

(5.7.7) H\as'^).A^. = A^{-1) 

(canonical up to a sign). In fact, we have natural inclusions j : S* ^ X = F^,ia '■ 
{Pa} X{a = 1, 2) with {Pi, P2} ^ X\S*, and a distinguished triangle 

~^ ©a=l,2(^«)!(^a) ^x' ~^ ^'x ~^ 3*^'s* ~^ 

by (3.3.2). Then (5.7.7) follows from the associated long exact sequence, because 
(4.3) implies (ia)'^x = A^{-l)[-2\ using (3.1.3). By construction of L in (5.1), 

(5.7.7) implies a surjective morphism 

(5.7.8) L Af4-1) 
whose kernel is A'^. This is extended to 

(5.7.9) Li ^ L,_i(-1) 
which is induced by the sum of the morphisms 

L M ■■■ M L M ■■■ M A-^.{-l) M ■■■M L. 
We can check that (5.7.9) induces the morphism N. 

5.8. Proposition. We have a canonical functorial morphism 
(5.8.1) Var:(^,,i^V^,,i(-l) 

whose image by the functor For coincides with Var in [27] [28]. In particular, 
Var o can = N, can o Var = A^. 

Proof. With the notation of (5.2), we have a morphism C{ui) Mj'_^(— 1) by 
(5.7.9), and this induces (5.8.1). 

5.9. Proposition. Let i : X ^ Y be as in (3.3), and assume X — ^'""^(O) for a 
function g. Then we have canonical functorial isomorphisms 

(5.9.1) ij* = C{can: ^pg^i ^ ipg^i), iii' = C(-Var : ^ '05,i(-l))[-l]- 

whose image by the functor For is the natural isomorphism on the underlying A- 
complexes in [28] [32]. 
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Proof. We show the assertion for i^i*, because a similar argument holds for m\ 
Since = C{j\f —>■ id) and we have id <— ^ ^g,ii it is enough to show an 
isomorphism 

(5.9.2) ipg^iC{jif id) = C(can : ^pg^i ipg^i). 
But this follows from the isomorphism 

(5.9.3) can : ^pg^ijif ^g,ij\f. 
The compatibility with For can be checked using (5.5.5). 

5.10. Proposition. Let f : X ^ Y be a proper morphism of varieties ofV,g a 
function on Y , and h = gf . Then we have canonical isomorphisms 

(5.10.1) f*°i^h = i^g° f*, f*°<^h,l = ^g,l° f*, 

whose images by the functor For coincide with the natural isomorphisms of the 
underlying perverse sheaves. 

Proof With the notation of (5.2), let X' = X x S,Y' = Y x S, f = f x id with 
projections p : X' ^ S,q : Y' ^ S. Then it is enough to show 

(5.10.2) /:°t^p = ^,°/:, /:°v^p,i = ^.,i°/:- 

Since the external product commutes with direct image (2.7), the assertion follows 
from the commutativity of pull-back with direct image (3.10). 

Remark. We can check 
(5.10.3) 

iPg,iM' = i,H-\*j4M' g'*Li), ipg^iM = i,H-\*{C{M ^ j^M' ® g'*Li)), 

using the same argument as above (applied to the direct image by the embedding 
by graph of g). 

5.11. Proposition. We have canonical functorial isomorphisms 

(5.11.1) ^9°!^= (E'°V'g)(l), ¥^s,ioO = Oo(^g,i, 

whose image by the functor For is the natural isomorphism on the underlying per- 
verse sheaves in [29]. 

Proof. Let DM® M HAj^ be the canonical pairing in (4.10). We can construct 
natural pairings 

(5.11.2) i^gBM ®'il)gM ^I])A^{1), (/?g,iDM ® (^g,iM ^ DA^ 

by the same argument as in [32] , using the natural morphism Lj ® Lj — > Lj+j . Then 
the assertion follows from (4.11), because their underlying pairings are perfect. 

5.12. Proposition. Let i : X ^ Y be a closed embedding of varieties of V such 
that X is a locally principal divisor on Y . Let M G Ai{Y) such that ^PgM = for 
a local defining equation g of X . Then we have a natural isomorphism 

(5.12.1) i- M = i*M {-l)[-2] 

compatible with the natural isomorphism on the underlying A-complexes. 
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Proof. Replacing Y by the line bundle associated with the divisor X, and X by 
the zero section of the line bundle, we may assume 

(5.12.2) rA^ = Aj^ {-1)1-2], 

because it holds for the underlying A-complex and we have (5.12.2) restricting to a 
dense open subvariety so that the line bundle becomes trivial. We have a canonical 
morphism 

(5.12.3) iJ-Ap®M ^A^^M^M 

by (3.3.2) (4.1.5). By the same argument as (4.9.2), we have 

(5.12.4) ijAP M = u{rA^ (^i*M). 
So we get a morphism 

(5.12.5) i*M{-l)[-2] = i-AP (g) i*M ^ i'M 

by (5.12.2) (4.1.5) and adjunction. This is an isomorphism, because its underlying 
morphism is. In fact, we can check it using (5.9) and the construction in [27, 5.2]. 

§6. Weight 

6.1. Definition. We say that M G Ai{X) has weights < n (resp. > n) if 
Grj^M = for A; > n (resp. k < n), and M is pure of weight n if Gr^M = 
for k ^ n. We denote by M{X,n) the full subcategory of M.{X) consisting of 
pure objects with weight n. By (1.1.3-4), M.{X,n) is a semi-simple abehan full 
subcategory of A1(X). 

We say that M G D^M.{X) has weights < n (resp. > n) if WM has weights 
<n-\-i (resp. > n + i), and M is pure of weight n if is pure of weight n + i. 

Let M G M{X). We say suppM — Z \i X\Z \s the maximal open subvariety 
of X such that j*M = where j : X \ Z ^ X. Wc say that M has strict support 
Z if supp M = Z and M has neither nontrivial sub or quotient object with strictly 
smaller support. Let M.z{X,n) denote the full subcategory of A4{X,n) consisting 
of the objects with strict support Z or 0. (Note that Mz{X,n) ^ M{X,n) fl 
M.z{X) in the notation of (1.4.6).) By semi-simplicity of M.{X, n),M.z{X, n) is a 
semi-simple abehan full subcategory of M. {X) . 

6.2. Lemma. For M G Mz{X,m),N G Mz'{X,n), we have 

(6.2.1) Hom(M, N) ^ unless Z ^Z',m^n. 
For M G M.{X,n), we have a unique decomposition: 

(6.2.2) M = e^Mz 

such that Mz G A4z{X,n) {called the decomposition by strict support), where Z 
runs over irreducible closed subvarieties of X. 

Proof. The first assertion is clear by definition. By semisimplicity, we get the 
second except for the irreducibility of Z. But it follows from the next lemma, 
combined with (2.2.3) applied to an open subset of Z. 
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6.3. Lemma. Let f : X ^ Y be a locally closed embedding of varieties ofV, i.e., 
f is the composition of a closed embedding i : X ^ U with an open embedding 
j : U ^ Y. Let Z be the closure of f{X). Then we have a functor {called the 
intermediate direct image): 

(6.3.1) fu ■ M{X) ^ Mz{Y) 
with a functorial isomorphism 

(6.3.2) r/u = id, 

such that fu{M) has neither nontrivial sub or quotient object supported in Y\f{X). 
Moreover, if M E M.z{y) has neither nontrivial sub or quotient object supported 
inY \ f{X), we have a canonical isomorphism 

(6.3.3) f\*f*M = M. 
Proof. We define 

(6.3.4) fu{M) = Im(ifV,M ^ H'>f,M). 

using (4.12.1). By adjunction (3.1.2), H'^ f^M lias no nontrivial subobject support 
in Y\f{X), because H^f^M = for A; < 0. So fu{M) has no nontrivial subobject 
support in y \ f{X). The dual argument shows the assertion on the quotient. We 
have (6.3.2), because j*fiM = i^M for M e M{X) and i*i^ = id (cf. (3.7.3)). 
For M e Mz(y), we have /'M, f*M e M{X), and the composition of the natural 
morphisms H^fifM M,M ^ H^fJ*M coincides with the morphism in (6.3.4), 
and M is identified with the image of the morphism. So we get the last assertion 

6.4. Proposition. Let X & V, and Z be an irreducible closed subvariety of X in 
V{k). Then we have an equivalence of categories 

(6.4.1) Mz{X,n)^\imMu{X\{Z\U),n)s 

u 

where U runs over nonempty smooth open suhvarieties of Z , and the morphisms 
of the inductive system are induced by open pull-backs. Here Aiu{X\ {Z \U),n)s 
is the full subcategory of M.u{X \{Z \U),n) consisting of objects M such that 
For(M)[— dim Z] is a local system on U. 

Proof. Let j : X \ {Z \U) — > X denote the natural inclusion. Then (6.4.1) is 
induced by j*, and its quasi-inverse by j'l* using (6.3). 

Remark. If Z contains an open subvariety U belonging to V, (6.4.1) becomes 

(6.4.2) Mz(X, n) = \miM(U, n), 

u 

by (1.4.6), where U runs over nonempty smooth open subvarieties of Z belonging 
to V. 

6.5. Lemma. Let M e D^M{X), and N e M{Y) such that N is nonzero and 
pure of weight k. Then M has weight < n {resp. > n) if and only if one of the 

following equivalent conditions is satisfied: 
(i) M\j] has weight <n-\- j {resp. > n + j). 
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(ii) M{i) has weight < n — 2i {resp. > n — 2i), 

(iii) DM has weight > —n [resp. < —n), 

(iv) M ^ N has weight <n + k {resp. >n + k). 

Proof. The assertion for (i) (iii) (iv) is clear by definition and (1.2.3), (1.5.3). As 
for (ii) , it follows from the last assertion of the next lemma. 

6.6. Proposition. If X e V is smooth is pure of weight Q, and A^{—1) is 
pure of weight 2. 

Proof. We assume first Xc irreducible so that Ax{c) [dim X] and hence Aj^ [dim X] e 
M.{X) are simple. Then the weight filtration on A;^[dimX] is trivial, and Aj^ is 
pure. We have a natural nonzero morphism 

A^ ^ H\ax).Aj^ 

by (3.9.2). Using the last assertion of the next theorem, this imphes that Aj^ for 
X = is pure of weight (because A-^ is pure of weight by (1.6.2)), and the 
last assertion also follows by definition of A-'^l—l) (cf. (4.2.1)). Then the weight 
of Ax^ is determined by (4.3.1) using (iii) of (6.5) and the last assertion. 

For general X, we may restrict to any dense open subvariety, considering the 
weight filtration on the local system For(A^). Then we have an etale morphism to 
an affine space, and the assertion follows from the next theorem on the pull-back 
and (4.4.1). 

6.7. Theorem. Let f : X ^ Y be a morphism of varieties ofV. Then f^M, f'N 
(resp. f\M,f*N) have weights > n [resp. < n) if so are M G D''Ai{X), N G 
D^'AilY). In particular, if f is proper, f M = f^,M is pure of weight n if so is M. 

Proof. The assertion for the direct image by an affine morphism is clear by (1.4.3), 
using (iii) of (6.5) for /[. This implies 

(6.7.1) Wki.M = i.WkM 

for a closed embedding i. 

We first prove the assertion on the pull-back by a closed embedding i. By 

(6.7.1) , it is enough to show the assertion for i^i*, itv, where X may not necessarily 
belong to V (cf. (3.3)). We show the assertion for i^i*, because the dual argument 
holds for i\r. Since the assertion is local, we may assume X is an intersection 
of principal divisors defined by gk- Using the open covering {Uk} of Y such that 
Uk = Y\g'j^^{0),i^i* is isomorphic to the composition of {ik)*iik)* by (2.2.2), where 
ifc : 5'^^(0) — > Y . So we may assume X = g~^{0) for a function g. We may also 
assume N G A4{Y) and N is pure of weight n. By (6.7.1), it is enough to show 

(6.7.2) KeT{j\fN — >• N) has weights < n — 1, 

where j : Y \ X ^ Y. By (6.2.2), we may assume N has strict support Z not 
contained in g~^{0). Since j\fN has weights < n, (6.7.2) is equivalent to 
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By semisimplicity, it is enough to show 

(6.7.4) Rom{ja-N,M) = if suppMcX, 

and follows from the adjunction. 

Now we show the assertion on the direct image. Let t/ be an affine open subva- 
riety of X, and Z — X \ U with natural inclusions i : Z ^ X,j : U ^ X. Then 
we have a distinguished triangle 

(6.7.5) ^ hi-M ^ jJ*M ^, 

and i\rM has weights > n by the above argument. Since the assertion is true for 
ifj)*-! we can proceed by induction on dimension of support. (This completes the 
proof of (6.6) in the case Xc irreducible.) 

It remains to show the assertion for the pull-back by a smooth projection whose 
fiber is an affine space, taking a factorization of /, because the assertion is local. 
Using (iv) of (6.5), it follows from the assertion of (6.6) in the case Xc irreducible. 

6.8. Proposition. Let M e D^M.{X), and assume M is pure. Then we have a 
non canonical isomorphism 

(6.8.1) M = 0.(//W)H] mD^M{X). 

Proof. This follows from the next lemma. 

6.9. Lemma. If M,N e D^M.{X) are pure of weight m,n. Then 
(6.9.1) Ext^(M,Ar) = /orm < n + i. 

Proof. This follows from the semisimplicity of pure objects of D^M.[X) (cf. for 
example, [30, II, (4.5)]). 

6.10. Proposition. Let f : X ^ Y be a proper morphism of varieties ofV. If 
M e D^A4{X) is pure, we have a non canonical isomorphism 

(6.10.1) /,M = 0.(i/7,M)[-i] in D'M(Y). 

Proof. This follows from (6.7-8). 

6.11. Proposition. Let g : X ^ S be as in (5.4), and M e M{X). Let LiipgM = 
ipgWi+iM, Liifg^iM = ipg^iWiM. Thcn the weight filtration W on ipgM, (fig^iM is 
the monodromy filtration relative to L [13], i.e., 

(6.11.1) : GrJ^,Grf^,M ^ {GrZkGi^ i^,M){-k) (same for ^g,,). 

Remark. In the case of /-adic perverse sheaves over a variety of characteristic p 
[3], the above result was obtained by Gabber (unpublished). The following proof 
is inspired by a discussion with Deligne, and should be essentially the same as 
Gabber's proof. 

Proof of {Q). 11). By definition of relative monodromy filtration, we may assume M 
is pure of weight n, and also M has strict support Z by (6.2.2). If Z C y := ^^"^(0), 
the assertion is clear. So we may assume Z (^Y . Then it is enough to show the 
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assertion for ipgM by [27, 5.1.12], because can is surjective in this case. By duality 

(5.11.1) , it is enough to show the injectivity of 

(6.11.2) : Grr_i+.V^,M ^ (Grr„,_,^,M)(-A;). 

By definition, we may replace g : X S hy the projection p : X x 5* — > 5* in (5.2). 
By (5.7.6), we can replace i^pM by ^p,iM, because i^^Agl is pure of weight zero, 
and 5*{M lEI 7r*A^) is pure by (6.14) below, where we have 

(6.11.3) M (g) p'*'K^Af. = 5*{M K 7r*A^) 
by (3.1.4) (3.6.5). 

Let i:Xx{0}— >XxS'be the natural embedding. Then we have an isomorphism 

(6.11.4) H-H*M = Ker AT c i/jp^iM 

by (5.9.1), because Var is injective in this case (cf. [27]). So Ker N has weights 
< n - 1 by (6.7), and 

(6.11.5) Ker(A^ : Grf ^ (Gr5^2'0p,i^)(-1)) = for j > n - 1. 

If (6.11.2) is not injective for some k > 0, let / be the minimal number such that 

is not injective, and M' be the subobject of Gi^tpp^iM defined by 

J]iV^(Ker(iV^' : Gr^.^^.V^^.^M ^ {Gr^_^^,_,^,i^p,^M){-f)){l). 

i>0 

Let Kj be the degree j part of 

Ker(iV M id + id M N : M' M M' ^ M' M M'(-l)). 

Then Kj ^ for some j > 2n — 2. This contradicts to (6.11.5) applied to 
H~^6*{M Kl M), combined with the next lemma. 

6.12. Lemma. Let X,Y e V,S = Spec k[t], and X' ^ X x S,Y' ^ Y x S 
with projections p : X' ^ S,q : Y' ^ S. Let Z — X x Y x S with projection 
h : Z S. Let 5 : Z ^ X' xY' be the morphism induced by the diagonal morphism 
of S. Let M G Ai{X' ,m), M' G Ai{Y',n). Then there is an open subvariety U 
of Z containing X x F x {0} such that j*H'6*{M K M') = for i ^ -1 and 
j*H-^5*{M K M') is pure of weight n + m-1, where j : U \ X x Y x {0} ^ Z . 
Moreover, we have a natural isomorphism 

(6.12.1) (V'p.iM, N) K {ijg,iM', N) = {i^h,iH-H*{M K M'), N) 

where N on the right hand side is defined by N Kl id + id Kl N. 

Proof. Let 5" x 5" — > 5" be the morphism defined by (^1,^2) — ii — ^2, and g : 
X X y — > 5" its composition with p x q so that g~^{0) — Z. Let 

U^Z\ (suppV's,i(M M M')\X xY X {0}). 

Here supp ■0(,,i(-/W" M M')\X xY x {0} is a closed subvariety of Z, because it is true 
after taking the base change by A; ^ C (using Milnor fibration which follows from 
[18]). Then the first assertion follows from (5.9.1) and the lemma below. Since 
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= C{j\ — >• j*) in the notation of (3.3.2), we get the morphism (6.12.1) by the 
morphism id S^S* in (3.3.2) and the natural morphism Lj ® Lj — > Lj+j. Then 
the morphism is an isomorphism, because the underlying morphism of 74-complex 
is an isomorphism using Milnor fibration (cf. [loc. cit.]). 

6.13. Lemma. With the notation and assumption of (5.12), assume further M e 
Ai{Y) is pure of weight n. Then vM — i*M(— 1)[— 2] is also pure of weight n. 

Proof. This follows from (6.7). 

6.14. Proposition. Let M G D^'M{X). Then M has weights < n {resp. > n) 

if and only if {ix)*M [resp. {ix)'M) has weights < n {resp. > n) for any closed 
points X of X , where i^ : {x} = Speck{x) X is the natural morphism. 

Proof. By duality, it is enough to show the assertion for weights < n. If M has 
weights < n, {ix)*M has weights < n by (6.7). 

Assume {ix)*M has weights < n for any closed point x of X. Let U he a pure 
dimensional smooth open subvariety of X with natural inclusion j : U ^ X such 
that {j'H^M)[- dim U] are smooth (cf. (4.5)). Let Z = X \ U with i : Z ^ X. 
By induction on dimX, it is enough to show that j'M has weights < n using the 
triangle (3.3.2) and (6.7). So we may assume {H''M)[— dimU] are smooth. If M 
is smooth, H^{ix)*M = for /c 7^ 0. So we may assume further M smooth. Then 
the assertion follows, applying (6.13) inductively. 

6.15. Proposition. Let V' he the full subcategory of V{k) such that a variety 
X belongs to V' if and only if there is an open covering {Ui} of X with closed 
embeddings Ui Vi such that e V. Then a theory of mixed sheaves on V is 
naturally extended to a theory of mixed sheaves on V'. 

Proof. For X e V', we consider the category C{X) whose objects are closed em- 
beddings U ^ V where U is an open subvariety of X and y e V, and whose 
morphisms arc pairs of morphisms of U and of V , commutative with the closed 
embeddings. Here the morphisms of U are assumed to be natural morphisms (i.e., 
compatible with the natural embedding into X). We say that {Wi} is a covering 
family of C{X) if {Ui} is a covering of X for Wi = {Ui Vi}. We define M{X) 
by the category whose object is {Mw}weC{x) with morphisms Uf : f\Mw — > M^^/ 
ioT f -.W such that: 

(i) Mw e Mu{V) for W = {U ^ V}, 

(ii) the restriction of to the complement oi U' \U is an isomorphism, where 
W = {U ^ V}, W = {U' V'}, 

(iii) Ug ogmf = Ugf ior f : W ^ W , g : W ^ W" . 

See also [33, 1.5]. For a morphism f : X ^ Y oi V inducing an isomorphism of 
their closed subvarieties Z ^ Z', we have an equivalence of categories 

(6.15.1) fr. Mz{X) ^ Mz'{Y). 

This follows from (1.4.6) in the closed embedding case, and the general case is 
checked by factorizing / into the composition of a closed embedding and a smooth 
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projection locally, where the smooth projection has locally a section. By a similar 
argument, we can check 

(6.15.2) Do/, = /,oD, 

(6.15.3) WiifiMw) = MWiMw). 

For f : W ^ W and {Mpi/} as above, we can show that f\M\Y is independent 
of /, applying (6.15.1) to the projection of V x V' to V (because the embedding 
by graph is its section). By (6.15.1) and (2.2), we can also define Ai{X) using a 
covering family {Wi} of C(X) (cf. [33, 1.6]). In particular, M.{X) coincides with 
the previous M{X) for X eV. 

The functor For is defined using [3]. The weight filtration is defined by {WiM]^} 
using (6.15.3), and the dual functor D by {DM14/} using (3.13.2). We define the 
full subcategory A4{X, n) of pure objects with weight n using W as in (6.1). Then 
we have the strict support decomposition (6.2.2), because it holds locally, and the 
decomposition is unique so that the direct factors glue globally by definition. Then 
the semi-simplicity of pure objects is reduced to (6.4) in this setting, where we use 
open direct images and pull-backs which will be proved below. 

The open pull-backs are defined naturally. For an open embedding j : X 
such that j{X) = Y \ Z for a locally principal divisor Z, the functors ji.j^ are 
defined by extending the locally principal divisor to V for {U V} G C{X), 
where the assertion is local on Y and we may assume V affinc and Z (1 U is a 
principal divisor. We can check the independentness of the choice of the extension 
of the divisor to V, considering the union of the divisors and using the functor For. 
Then we can define the direct image as in (2.4), and the estimate of weights is 
proved as in (6.7) using (6.7.5), where i\rM is defined as in (3.3) and the estimate 
of weights of i\vM follows from (6.7), because the assertion is local. 

The external product is naturally defined using the commutativity with direct 
image, because WxW e C{X x Y) for W e C{X), W e C{Y). We have (1.6.7-8), 
because the assertions are local by the same argument as (4.8). Then we can check 
the other conditions of §1. 

Remark. If V is the full subcategory of smooth varieties, we have V = V{k). So 
it is enough to define A4{X) satisfying the conditions in §1 for smooth varieties, if 
one wants to construct M.{X) for X e V{k). 

§7. Geometric Origin 

Form now on, we assume V = V{k). 

7.1. Let {Ai{X)} be a theory of A-mixed sheaves on V{k) as above. We define 
the categories A4{X)^° by the smallest full subcategory of M.{X) satisfying the 
following conditions: 

(i) M{X)^° are stable by the cohomological functors H^f^,Wfi,Wf*,Wf- for 
morphisms /, 

(n) M{X)^° is stable by subquotients in M{X), 
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(iii) e M{Speck)^", 

where we assume also that an object of A4{X) isomorphic to an object of 
belongs to A4{XY°. We say that an object of M.{X)^° is of geometric origin 
(cf. [3]). By definition, an object of Ai{X)^° is obtained by iterating the above 
cohomological functors and subquotients to A-^, and we get 

(7.1.1) M{X)^° arc stable by D, M 

by (2.4.2) (3.1.3) and (2.7) (3.1.9), where the external product is exact for both 
factors by (1.5.2). By the next proposition, Ai{X)^° is an abelian full subcategory 
of Ai{X) stable by Ker, Coker, and finite direct sum in Ai{X), and Ai{X)^° form 
a theory of mixed sheaves on V{k) so that the functors are compatible with the 
natural functor M{X)s° ^ M{X). 

7.2. Proposition. The subcategory A4{X)^° is stable by finite direct sum in 
M{X). For M G M{X), we have M G 7V1(X)*^° if and only if for any point 
X of X, there exist an open subvariety U of X containing x, a closed embedding 
i : U ^ Z, a quasi-projective morphism tt :Y ^ Z, a divisor D onY with natural 
inclusions ju '■ U -^X,j: Y\D^Y, such that Y is smooth, D is a reduced 
divisor with normal crossings, andi^{ju)*M is isomorphic to a subquotient of 

(7.2.1) /7-7r.j!<\^(n) 
for n,m & 

Proof. We first note that we may assume U, Z affine and 

(7.2.2) Z is an affine space A'' 

by replacing Z with an affine space containing Z. 

Let M{Xy denote the full subcategory of A4{X) defined by the above condition. 
We first show 

(7.2.3) M{Xy c M{XY°. 

We have an affine open covering {Uk} of X with vr^ : ^ Z^, : Yj. \ — > Y^, 
ik-Uk^ Zk satisfying (7.2.1) as above. By (4.2.1) (4.12) (5.7.7), we have 

H\a^^),A-^,=A^, H\a^.),A-^,=A^{-l) 

^^■^■^^ H\as^).Af. = A^, H\as*).A^. = ^^(-1). 

So we may assume m, n in (7.2.1) is independent of k by (2.7.3) (2.7.5), replacing 
Yk by its product with x {S*Y^. Let X',Y\D',Z' be the disjoint union of 

Uki Yk, Dk, Zk respectively with natural morphisms tt' : Y' —>■ Z', j' : Y' \ D' Y', 
i' : X' ^ Z', j" : X' ^ X. Then there is a subquotient M' of H'^Ti'J[A^,^^,{n) 
such that supp M' C Im i' and M is isomorphic to a subobject of j"H^i'*M' by 
(2.2). So we get (7.2.3). 

By a similar argument, we can check 

(7.2.5) M{Xy is stable by finite direct sum in M{X). 

In fact, for Mi,M2 G Ai{X)' and a point of X, there arc Ha : Ya ^ Za, ja '■ 
Ya \ Da ^ Ya, ia '■ U Z^ associatcd with for a = 1, 2. We have a section i'^ 
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of the projection of Z\ x Z2 onto Za such that = ^2^2, assuming (7.2.2). So we 
may assume Zi = Z2,ii = 12, by replacing Za with Zi x Z2, and ia by i^ia. Then 

(7.2.5) is clear, because we may assume mi — m2,ni = ^2 using (7.2.4). 

For the converse of (7.2.3), it is enough to show that Ai{X)' are stable by 
the cohomological functors in the definition of Ai{X)^°, because Ai{X)' is clearly 
stable by subquotient. Here we may assume Y in (7.2.1) is pure dimensional, 
using the product of each connected component with an affine space of appropriate 
dimension. By (2.1.4) (4.3.1), we have 

(7.2.6) D(i/'"7r.j!A^\o(n)) = H'^-"'7rij,A^\j,(2d - n) 

where d = dimF. Let 7f : F — > Z be a projective morphism with an open embed- 
ding j : y — > y such that Y is smooth and (F \ F) U -D is a divisor with normal 
crossings [17]. Let F' be the complement of the closure of D in F, D' — Y'\(Y\D) 
with natural morphisms tt' : F' — > Z,j' : Y' \ D' ^ F', j : F' — > F. Then 
Y'\D' = Y\D, and 

(7.2.7) h3*A^XD[d]^t3[A^'\D'[d\. 

In fact, their restrictions to F coincide, and we have the morphism (7.2.7) by 
j\j — > id. This is an isomorphism, considering their underlying perverse sheaves. 
By (2.6) (4.12), we have 

(7.2.8) H'^-"'nij,AP\jj{2d - n) = //'^-"*<jM^\^,(2d - n). 

So (7.2.1) is essentially self-dual, and it is enough to show the stabihty by i?*/* 
and H^f. 

We first show the stability by H'^j^j*,H'^j\j' for an open inclusion j : X' ^ X. 
Since the assertion is local, we may assume X is affine, C := X\X' is an intersection 
of principal divisors, and M is a subquotient of (7.2.1) with U — X. By the same 
argument as (2.4), the assertion is reduced to the case where C is a principal 
divisor using a Cech complex associated with an affine open covering of X. Then 
C is extended to a principal divisor C on Z, because Z is affine (cf. (7.2.2)). So 
it is enough to show the assertion for the open inclusion Z \ C ^ Z , because the 
functors j*j*,ji3' are exact and commute with subquotients. Then the assertion is 
clear by base change. 

We now consider the direct image i?*/*- By the above arguments, the resolution 
in (2.4) is defined in Ai{Xy, and we may assume X affine and H^f^,M = for 
i 7^ 0, replacing X by Uj in (2.4). Since the functor H^f^ is right exact, we may 
replace M with j\j'M, where j : X \ H ^ X is b, natural inclusion with H a 
sufficiently general hyperplane section of X (here X is viewed as a quasiprojective 
variety). Using again a sufficiently fine covering {f/j} of X and replacing X with 
[//, we may assume that the condition (7.2.1) is satisfied with X = U and / is 
extended to a morphism of Z to an affine space containing an open subvariety of 
F, where the hyperplane section H is taken gencrically with respect to Ui (cf. [2]). 
So the assertion is reduced to the case Z = X. Furthermore we may assume that 
H'^ Ti*j\A^.j-)[n){m' e Z) and the subobjects of H"^7:^j\A^.j-){n) defining M are 
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/^-acyclic, replacing them with the image of the functor Then the assertion 
follows from the Leray spectral sequence. The argument is similar for if '/i- 

It remains to show the stability by pull-back. Since the assertion is local, and is 
clear for a smooth projection, we may assume that / is a closed embedding. By 
definition (3.3), the assertion follows from the stability by open direct image and 
finite direct sum. 

Remark. We can show that the condition in (7.2) is satisfied for any affine open 
sub variety U of X, using a similar argument. 

7.3. Definition. Let M{X,w)i^°, Mz{X,w)^° be the full subcategories of M{X)^° 
defined as in (6.1), where A4z{Z, w)^° = M.z{^, w)^'^ by definition and (1.4.6). We 
say that M e Mz{Z, w)^° has geometric level < n, if M is isomorphic to a direct 
factor of H'^TT^Ay^lr) for a projective morphism tt of a smooth variety Y onto Z 
such that dimF < n. We say that M G Ai{X)^° has geometric level < n if so do 
the direct factors of Gr^M with strict support, and M e M.{X)^° has geometric 
level n if it has geometric level < n but not <n — l. We denote by A1(^)gK„ the 
full subcategory of M.{X)^° consisting of objects with geometric level < n, and let 
M{X, w)l^^^ = M{X, w) n M{X)l^^^. 

Remarks, (i) The full subcategory A^(-'^)g°<„ is stable by the pull-back under an 
open embedding. Conversely, for M e MziZ,w)^°, we have M e M{Z)^^^ if 
j*M G -^(f^)gi<„ for some non empty open subvariety U of Z with j : U ^ Z 
the natural inclusion. In fact, a projective morphism onto an open subvariety of Z 
is extended to a projective morphism onto Z by Nagata-Hironaka (where we may 
assume Y affine) , and M must be isomorphic to a direct factor of the direct image 
of the constant sheaf by (6.4) (6.7). 

(n) Let n be the geometric level of M G M{X, w)^°. Then 

(7.3.1) n = w mod 2, 
because we may assume Y pure dimensional and 

(7.3.2) m = dimr, 

in the definition of geometric < n, where m — 2r = w by (6.7). In fact, a connected 
component Yi of Y may be replaced by its product with P'^ with k = dim Y — dim Yi 
using (2.7.3) (2.7.5). If m > dimy, we may may replace m by 2 dimF — m using 
(7.4.1) below. If m < dimF, we can replace Y by its intersection with a generic 

hyperplanc by the weak Lefschetz property of a generic fiber of /, where we can 
restrict Y to its open subvariety by (i) so that we may assume / is smooth and X 
is a closed subvariety of x Y. So we get (7.3.2). 

(iii) In the definition of geometric < n, we can replace K by a smooth variety 
Y' with a birational proper morphism n : Y' ^ Y. In fact, is a direct 
factor of TT^A-^ by the decomposition (6.10.1) for t^^A^ and the strict support 
decomposition (6.2.2), because the direct factor of H^T:^{A-!^[(lmiY]) with strict 
support Y is 74y^[dimF] by (6.4). Here we may assume Y connected. 
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(iv) By (7.3.2), A^(-^)g°<„ is stable by finite direct sum. By semi-simplicity 
of pure objects, A1(-^)gi<„ is an abelian full subcategory of A4{X)^° stable by 
subquotient and extension in M{X)^°. It is also stable by the dual functor D using 
the duality (4.3) and (4.12). 

7.4. Proposition. Let f : X ^ Y be a projective morphism of varieties, and 
I G H"^ {X (C) , A{1)) the Chern class of a relatively ample line bundle. Then, for 
M G Ai{X,w)^°, we have the relative hard Lefschetz: 

(7.4.1) I'' : H~^f^M ^ H^f^M{k) for k > 0, 

whose underlying morphism is induced by the natural action of I on A-complexes. 

Proof. It is enough to define the action of / on H' f^,M, because the isomorphism on 
the underlying perverse sheaves follows from [27] [28] using (7.2). So the assertion 
is local, we may assume / is the projection of x F to F. Then the assertion 
is proved as in [3]. In fact, let be the dual projective space of P := 
with the universal hyperplane H ol P x P^ . Then the action of I is defined on 
(H'f^M) M by the restriction and Gysin morphism using (5.12), and it induces 
the action on H'f^M. 

7.5. Proposition. Let j : U ^ X be an affine open embedding of varieties. Then 

the direct images j^^, j\ induce 

(7.5.1) j;, jr.M{U)ll^^M{X)l^^^. 

Proof. Since the functors are exact, it is enough to consider the direct image of 
a pure object M of M.{U)^^^ with strict support. Let tt : Y ^ U he as in (7.3) 
so that M is a direct factor of if™7r*Ay'(r). Let tt' : Y' X he its extension 
such that n' is projective, Y' is smooth and D := Y' \ Y is a divisor with normal 
crossings whose irreducible components are smooth. By duality, the assertion is 
reduced to the following: 

7.6. Proposition. Let X be a smooth variety with pure dimension d, and D a 

reduced divisor with normal crossings whose irreducible components Di are smooth. 
Let U = X \ D and Dj = f],i^j Di with natural inclusions j : U ^ X and aj : 
Dj X, where = X . Then we have an isomorphism 

(7.6.1) Grr(ji<[ci]) = e|,|^,_,(a,).<^[A;] zn M{X), 
where W is the weight filtration of j\A-lf[d] G A4{X). 

Proof. For J D /, we have the restriction morphism 

(7.6.2) (ai).A^^ ^ (aj).A^^ 
compatible with composition by (3.9.2). This induces 

(7.6.3) d^ : eiii=M^*A^r ^ e|/|=p+i(«/)*< 

such that d^^^ °d^ = by defining d'^ with a sign like a Cech complex. We have 

(7.6.4) Ext'=((a,),^^^, (aj),^^J - for A; < 0, 
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by adjunction, because 

(7.6.5) i-A^ = A^{-r)[-2r] 

for a closed embedding of smooth varieties i : X ^ Y with codimension r by (4.3). 
We define inductively e D^M{X) by 

(7.6.6) m; = C(«,:M;_J-1] ^e|,l^>,),A^^[ci-p]) 

where the morphism Wp+i is induced by (7.6.3-4). Then we get inductively M'^ e 
}A{X), and they determine a filtration G of M'^ such that 

(7.6.7) Gr^Af^ = e|,|^,_,(a,),<JA;]. 

Applying the same construction to the underlying A-complexes, we can check 

(7.6.8) ¥ot{M'^) ^ j,Au[d] 

using (7.6.4). Since j M'^ — Ajf, we have a natural morphism 

(7.6.9) ^ j^Aff 

which is an isomorphism by (7.6.8). Since Gr^M^ is pure of weight k, we have 
G = W, and the assertion follows. 

7.7. Corollary With the above notation and assumption, assume further D — 

5'^"'^(0)rcd for a function g. Then 

(7.7.1) PMGTj_,^,{i;,,,Aj^[d]) = e|,|=,+i(a,).<,(-^)[d -k-l]fork>0 

where the left hand side is the primitive part of Gic^_i^i^{t/jg^iAj^[d]) defined by the 

kernel of N^^^ . 

Proof. Let i : D ^ X denote the natural inclusion. Since A-^ = i*Aj^, and 
FoT{A-^[d — 1]) is a perverse sheaf, we have an isomorphism 

(7.7.2) A^ [d-l] = Ker N C ^g,iAj^ [d] 

by (5.9.1), because Var is injective in this case (cf. [27]). Since N is strictly 
compatible with W, we get 

(7.7.3) GrYiA^ld - 1]) = Ker iV c Grr^,,iA^[rf]. 
On the other hand, we have 

(7.7.4) GrY{A^[d-l]) = e^j^^,_,{aj)^A^^[k] for k<d-l 
by (7.6) using the short exact sequence in A4{X): 

(7.7.5) ^ A^[d] ^ -.A^[d-1]^ 0, 

cf. (3.3.2). Since Ax'M] pure of weight d by (6.6), the weight filtration on 
ipgA^[d] is the monodromy filtration shifted by d — 1 (cf. (6.11)). So we have the 
primitive decomposition: 

(7.7.6) Grfi^gA^id] = e,>oiVX^ivGr^+2.^,A^M)(^) 
where PnGv^ = for /c > c? — 1. Then 

(7.7.7) N'^ : Pr,GrJ_,^,i;gAj^[d] ^ Ker TV C P^GrJ_,_,i;gAj^[d], 
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and the assertion follows from (7.7.2-3). 

7.8. Proposition. Let g be a function on X. Then ipg,(pg,i,^g induce 
(7-8.1) ^g, Vg,u : M{Xf;^^ M{Xf;^^. 

Proof. Let X* = X \ (7~^(0). We first reduce the assertion to: 

(7.8.2) V^,,iM e M{Xf^^, for M e Mz{X\ wf^^^. 

Since %pg^ (pg^i are exact, we may assume M pure, and then M G M. z{X , wY^^^^ by 
the strict support decomposition. Then can : ipg^iM — > (Pg,iM is surjective for 
M e Mz{X,w)l°^^ such that Z ^ ^"^(0) (cf. [27, 5.1.4]), and the assertion on 
cpg^i is reduced to (7.8.2). The assertion on ^g follows from (5.5.1). So it remains 
to reduce the assertion on ipg to (7.8.2). 

By definition, we may replace g : X ^ S hj the projection p:Y = XxS^S 
in (5.2), because the stability by (i^)* is clear. Let Y' ^ S he the base change of p 
by the n-fold ramified covering tt : 5" — > 5" as in the proof of (5.7), and n' : Y' ^ Y 
the natural morphism. Then we can check 

n'^A^ (g) M = 7r>'*M 

using the diagram 

Y' Y' > Y 



Y' X Y' > Y' xY > Y xY 

and (3.10.2) (4.1.5). Similarly, we have 

Since A1(y)g°<^ is stable by the pull-back under an etale morphism, the assertion 
is reduced to that for ippn',i by definition (5.7.6) and (5.10.1). 

Now we show (7.8.2). By definition (7.3), M is a direct factor of if™7r*Ay'(r), 
where we may assume (fi'vr)~^(0)red is a divisor with normal crossings by Remark 
(iii) after (7.3) and [17]. Then the assertion follows from (7.7) and (5.10.1). 

7.9. Proposition. Let i : X ^ Y be a closed embedding of varieties. Then the 
direct image induces equivalences of categories 

(7.9.1) i.:M{X)l^^^^Mx{Y)l^^^ 

(7.9.2) : D''M{X)l^^^ =^ D>'^M{Y)l^^^ 

where M.x{Y)^^^, -D^f Al(5^)g°<„ are respectively the full subcategory ofM.x{Y)^^j^, 
D^-M{y)^<n consisting of the objects whose (cohomological) support is contained 
in i{X). 

Proof. The first assertion is clear by definition using (1.4.6) (3.7.3). Then the 
second follows from the same argument as (5.6) using (7.5) (7.8). 
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7.10. Proposition. Let f : X ^ Y be a morphism of varieties. Then we have 
naturally the direct image functors 

(7.10.1) /, : ^ D'MiY)l^^^^^ 

compatible with the composition of morphisms of varieties. Moreover, we have a 
canonical isomorphism /i o D = f* and a canonical morphism f\ ^ f*. These 
functors and morphisms are compatible with the direct images in (2.4) and the 
corresponding morphisms (2.4.2) (4.12.1) by the natural functors D^M.{X)^^^ — > 
D'^MiX). 

Proof. For (7.10.1), it is enough to show 

(7.10.2) Wf^M,H'f,MeM{Yf°^^ for M e M(X)|°<„ 

for an affine morphism /, using (7.5) and the same argument as in the proof of 
(2.4). Using a compactification f : X' ^ Y oi f such that X = X' \C for a 
locally principal divisor C on X', wc may assume / projective by (7.5). We may 
also assume M pure with strict support by the spectral sequence associated with 
the weight filtration. Then the assertion is clear, using the decomposition (6.10) 
for the direct image in the definition of geometric level in (7.3). 

The isomorphism /i oD = DoJ^ is clear by definition. For fi ^ f*, it is enough 
to show f[ = for / proper, because we have j\ — > for an open embedding 
j : X ^ X' such that j{X) — X' \ C for a locally principal divisor C on X'. 
By the above construction, M e D^M.{X)^^^ is represented by a complex whose 
components AP satisfy H'^f^AP = for A; ^ 0, and we have H'^fM' = f^M' 
for any k by (4.12). So we get f\M — f*M, where we can check the independence 
of the representative as in (2.4). 

7.11. Proposition. Let i : X ^ Y be a closed embedding of varieties, and 
U = Y\ X with j : U ^ Y. Then the pull-back functors induce functors 

(7.11.1) : D'M{Y)l^^^ D'M{X)l^,^ 

with the triangles of functors (3.3.2), such that they are compatible with those in 
(3.7) by the natural functors D^Jli{X)^^^ — > D^Jli{X). Moreover, are the 
adjoint functors off = j* . 

Proof. This follows from the same argument as (3.2) (3.7) using (7.5) (7.9). 
As a corollary, we get 

7.12. Proposition. Let A = M{X),M{X)^° or M{Xf^^^. Then we have a 
'classical' t-structure {^V^^^^V^^) on D^A such that M e ^X>^° {resp. M e ^X>^°) 

if and only if W¥oi{M) = forj > {resp. j < 0), where W is the natural {i.e. 
classical) cohomology functor of D'^{X {C) , A) . Moreover, we have 

(7.12.1) For : C M{Ax{c)) is exact and faithful, 

where C is the heart of the t-structure. 

Proof. Using the theory of gluing i-structure in [3] , we can define (resp. "^1)-°) 
by the following condition: 
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For any closed embedding is S ^ X oi an irreducible variety S, there is a 
non empty open subvariety U oi S with natural inclusion ju : U —>■ S such that 
{ju)*H%M = for A; > dim-S (resp. {ju)*H%M = for A; < dim-S). 

This condition depends only on the underlying A-complexes, and we can check the 
coincidence with the condition in Proposition using the distinguished triangles in 
(3.3.2). For the condition of "^D-^, wc use also the left exactness of the direct image 
with respect to the classical t-structure on Dl{X{C),A) for an open embedding 

j- 

Let '^H'^ : D^A — > C be the cohomology functor associated with the t-structure, 
so that M e D^A belongs to C if and only if "H^i^M) = for A; ^ (cf. [3]). The 
functor '^H^ corresponds to the natural cohomology functor : D\{X{G)^A) — > 
M{Ax{c)) by the functor For, and For : C — >• M{Ax{<c)) is exact using the associated 
long exact sequence. It is also faithful, because Im commutes with For, and M e C 
is if and only if For(M) = 0. So we get the last assertion. 

7.13. Proposition. Let X he a variety of dimension < n. Then Aj^ e D^M.{X) 
is naturally lifted to D^A4{X)^^^. More precisely, there exists uniquely an object 
of D''M{X)l°^^, denoted also by A^ , such that For(^^) = Ax(c) 

and the re- 
striction to a smooth open dense subvariety U is isomorphic to Aff in D^M.{U). 
Moreover, for f : X ^ Y a morphism of varieties of dimension < n, the restric- 
tion and Gysin morphisms Ay — ^ f*Ax(c) (ind f\3Ax(C) ^Ay(c) are uniquely 
lifted to morphisms of D''A4{Y)^^^, and they are compatible with the composition 
of morphisms. 

Proof. The first assertion is clear if X smooth. We first show the uniqueness of A-^ 
in Let M, M' be objects of D''M{X)l^^^ satisfying the condition of 

A-x. Then the functor For induces an injective morphism 



by (7.12.1), where Homg,<„ is taken in D^A1(X)|°<„. Let U be as in Proposition, 
and j : U ^ X the inclusion. We have an injective morphism 



by the long exact sequence associated with a triangle in (3.3.2). By (7.13.1), we 
have the injectivity of 



(7.13.3) Hom,K„(M, M') ^ Hom,K„(M, 'H'^j^A^) = Hom,K„(A^, A^) 



because it is clear for the underlying A-complexes and j*M = j*M' = Aff. Here 
the last isomorphism follows from the adjoint relation, because we may replace 
'^H^j^Aff with j^^Aif using '^H^j^Aff = for A; < 0. So it is enough to show 
that the canonical morphism u : M ^ "^H^j^A-^ belongs to the image of the first 
morphism of (7.13.3), i.e., the image of u in Homg;<„(M, '^H'^j^Aff /M') is zero. But 
it is true for the underlying 74-complexes, and the assertion follows from (7.12.1). 

For existence, we extend A^ inductively to larger open subvarieties of X using 
noetherian induction. Assume the assertion is proved for an open subvariety U 



(7.13.1) 



Hom5K„(M,M') ^ Hom(Ax(C),^x(C)) 



(7.13.2) 



M' ^H^j^A^ in C 
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which is not necessary smooth. Applying (7.12) to ^ = M.{X), we have a natural 
morphism 

(7.13.4) Aj^ ^ 'H^J^A^ in D''M{X) 

by the same argument as (7.13.2). Here the cohomological functor '^H^ is com- 
patible with the natural functor M{X)^^^ A^(X)s° M{X), because so is 
the ^-structure by definition. The morphism (7.13.4) is injective in the heart of 
the t-structurc of D^A4{X), and its cokernel is supported in Z := X \ U . Let 
i : Z ^ X he a. natural morphism, and e D'^A4.{Z) such that i^^N is isomorphic 
to the cokernel, i.e., 

i.N = C{A^ ^ 'H'j.A^) in D'MiX). 

Restricting X to an open subvaricty containing U, we may assume Z is smooth 
and pure dimensional, and FoT{N),i*FoT{^H^j^Ajf) are local systems on Z. In 
particular, N[-d\,i*{''H'^j^Aff)[-d] e M{Z), where d = dimZ. Then, it is enough 
to show that N[—d] e M{Z)^^^ and the natural morphism '^H^j^A^ i^N is 
naturally lifted to a morphism in D''A4{X)^^^. By adjunction, it is equivalent to 
consider a morphism 

t*{'H%Atf)^N. 

By hypothesis, it is a surjective morphism of A4{Z), and hence of A4{Z)^^^, up to 
shift of complexes by —d, because M.{Z)^^^ is stable by subquotients in M{Z). 
So we get the assertion. 

For the last assertion, it is enough to consider the restriction morphism by du- 
ality. We have the injectivity of 

(7.13.5) Hom,K„(A^,^i/7,A^) ^ Hom(^y(c), H7*^x(c)) 

by (7.12.1). Since K^f^Axic) = for A; < 0, we may replace ^H^ f^A^ .H^ f^Ax(c) 
by f*A^, /*Ax(c)- So it is enough to show that the natural restriction morphism 
V : Ay(c) ~^ 'H^f*^x{c) is lifted to a morphism of D^J^{Y)'^^^. Here we may 
assume f{X) is dense in Y by replacing Y with the closure of f{X), because the 
assertion is clear in the closed embedding case by (7.11). Note that, if Y is smooth 
and Ti.^ f*Ax(c) is a local system, we have the assertion, because v is lifted to a 
morphism of D''M{Y) by (3.9.2), and M.{Y)^^^ is a full subcategory of M{Y). 

Let ^7 be a smooth open dense subvariety of Y such that the restriction of 
TiP f*Ax{o to [/ is a local system. By adjunction, we have a canonical morphism 

v'-.A^^'^Tfj^i'^TfUA^), 

corresponding to the restriction morphism for the restriction of / over U . We have 
also a natural injective morphism in C on y: 

because the underlying A-complex of its kernel is zero. Let Q denote the cokernel 
of the injection. By the same argument as above, it is enough to show that the 
composition of v' with the projection to Q is zero, and the assertion follows from 
the compatibility with the functor For. 
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Remark. If Xc is connected, the injectivity of (7.13.1) imphes 
(7.13.6) End(A^) = A 

But this is not true in general (depending on Ai) even if X is connected. Here we 
may assume X smooth and connected by (7.13.3), restricting X to its open dense 
subvariety. Then (7.13.6) is equivalent to the A^-Hodge conjecture for p = (cf. 
(8.5)). 

7.14. Proposition. Let X e V{k), and X' be the union of the irreducible compo- 
nents Xi of X such that dimXi = d := dimX. Let ICx'A^ = ^.ICx^A^ with 
ICxiA-'^ — [ji)\^,Ai^[d] G A^(-^)gi<„ where ji : Ui X is the inclusion of a dense 
smooth open subvariety Ui of X' into X [cf. (6.3)). Then ICx'^"^, ICxj^''^ are 

self-dual up to Tate twist, i.e., 

(7.14.1) J]){lCx'A-^) = lCx'A-^{d) (same for ICxA^). 
Moreover, we have a canonical morphism 

(7.14.2) Aj^[d] ^ ICx'A^ m D'M{Xfi^^ 
which induces isomorphisms 

Hom(A^[d], {JiAj^){-d)[-d\) ^ Hom(ICx'A-^, {J^A^){-d)[-d]) 

^ Hom(lCx'A-^,ICx'A^) = e,Hom(lCx,A^,ICx,A-^) 

where Hom can be taken in any of D^M{XY^^^,D^M{XY° and D^M{X). 

Proof. The first assertion is clear by definition of intermediate direct image and 
(4.3). The remaining assertions follow from: 

7.15. Lemma. With the above notation, we have 

(7.15.1) H^A^ = iork>d 

(7.15.2) GrYH'^Aj^ = for k>d 

(7.15.3) GrJ H'^A^ = ICx'A^. 

Proof For (7.15.1), it is enough to show PTi'^Ax(c) = for /c > d. But it follows 
from the definition of perverse sheaf (cf. [3]). The second assertion is clear by (6.7). 
The last assertion is reduced to 

(7.15.4) Hom(A^[ci],M) = 

for M E M.{X) such that dimsuppM < d,. because Gi^ H'^Aj^ is semisimple and 
the restriction of (7.15.3) to U is clear. Let Z = supp M. By adjunction we may 
replace by A-^[d]. Then the assertion follows from (7.15.1) for Z. 

7.16. Remark. Let X G V{k), and n = dimX. By (7.14.2) and its dual, we have 
a canonical morphism in D''Ai[X)^^,^ (and in D^Ai{X)): 

(7.16.1) ^^(n)[2n] ^D^^ 
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which corresponds to the identity on ICx'A"^ by (7.14.3). Let n : Y ^ X he a 
proper morphism such that Y is smooth of pure dimension n and 7r{Y) ~ X' in 
(7.14). Then (7.16.1) coincides with the composition of the restriction and Gysin 
morphisms: 

(7.16.2) Aj^{n)[2n] TT,AP{n)[2n\ BAj^, 

where (4.3.1) is also used. In fact, the morphisms of (7.14.3) are uniquely deter- 
mined by their restriction to U in (7.4), because of (6.3.4). 



§8. Cycle Class 

Prom now on, we assume M.{X) = M{X)^°, by replacing M.{X) by its full 
subcategory M{X)^° (cf. (7.1)). 

8.1. Definition. For X e V{k) with natural morphism ax ■ X ^ Spec A;, let 

^ Ht'iX,A{j)) = Rom{A^,BA^{-j)[-i]) 

^ ■ ■ ^ ^liom{A^,{ax)M^H)H]) 

^ H'M{X,A{j)) = Rom{Ajf,Ajfm) 

= Hom(A^,(ax)*^^(i)[i]) 

where Hom is taken in D''M.{X) or D^Ai{Speck), and the last isomorphisms of 
(8.1.1-2) are induced by adjunction. 

For a proper morphism f : X Y, the direct image 

(8.1.3) /# : Hr{X,A{j)) ^ Ht^iY^AU)) 

is defined by the composition with the restriction and Gysin morphisms (3.9.2), 
using the first expression of (8.1.1). 

For a morphism of smooth varieties f : X ^Y, the pull-back 

(8.1.4) f* : Hl,{Y, A{j)) ^ H^X, A{j)) 

is defined by applying the functor /* to the first expression of (8.1.2). 
Remarks, (i) By (7.15.1), we have 

(8.1.5) H^{X,A{j)) = for i > 2dimX. 

(ii) If X is smooth and pure dimensional, we have by (4.3.1): 

(8.1.6) Hf^iX,Aij)) = H'J'^''-'iX,AidunX-j)). 

(iii) Assume X smooth proper. Then we have a decomposition 

(8.1.7) {ax).Aj^^®,{H\ax).A-^)H] in D'M (Speck) 

by (6.10.1) applied to M.{Speck). So the canonical filtration t(c/.[9]) on {ax)*A^ 
induces a decreasing filtration L on Hl^{X, A{j)) such that 

(8.1.8) Gr'lHl,{X,A{j)) = E^t'{A^ , W-\ax).Aj^{j)). 
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where Ext*^ is taken in D'^Ai{Spcck). 

(iv) Using the second expression of (8.1.1-2), the direct image and pull-back are 
defined by the composition with the Gysin morphism and the restriction morphism 
respectively. 

(v) For a closed subvariety Z oi X with natural inclusion i : Z ^ X, define 

(8.1.9) Hl^{X,Aij)) = Hom(^^, (az)*iM^(j)M). 

We can show that H(^{X, A{j)) and H^^f^^X, A{j)) form a twisted Poincare duality 
theory [7]. 

8.2. Theorem. Let X e V{k), and CEd{X,A) the Chow group of X with A- 
coefficients. Then we have naturally a cycle class map: 

(8.2.1) cl^ : CR,{X,A) ^ Hi^{X,A{d)) 

compatible with the direct image by a proper morphism and the pull-back by a 
morphism of smooth varieties. 

Proof. Let Z he a reduced irreducible closed subvariety of X with dimension d. 
Composing (7.16.1) for Z with the restriction and Gysin morphisms (3.9.2), we get 

(8.2.2) A^{d)[2d]^I])Aj^, 

which defines cl^{[Z]) e H^{X,A{d)). 

For well-definedness of cl-'^, consider a reduced irreducible closed subvariety Z' 
oiY :— X X S with dimension d+ 1, where S — Speck[t\. Then Z' defines 

(8.2.3) AP{d+l)[2d + 2]^BAP 

by (8.2.2). Let Pq, Pi be closed points of S defined by t = and t = 1 respectively. 
Let ia : X X {Pa} ^ Y, n : Y ~^ X he natural morphisms. Then we have functorial 
morphisms tt* — >• (ia)* by (3.3.2), which induce isomorphisms on Ay^,3Ay^. So 
it is enough to show that (io)* of (8.1.4) is induced by ( := [^']*[-'^ ^ {-^o}] (the 
argument is same for a — 1). Let Z — Z'nX x {Pq}- Then the assertion is reduced 
to the commutative diagram: 

AP > BAP{-d-l)[-2d-2] > BA^{-d-l)[-2d-2] 

(8.2.4) 

AM BAf{-d:)[-2d] > BAj^{-d)[-2d]. 

where X is identified with X x {Pq}, the vertical morphisms are induced by the 
restriction morphisms, and a is induced by the coefficient of C, using (7.14.3). By 
adjunction, a is uniquely determined by the diagram, and the assertion is reduced 
to that for the underlying 74-complexes, using (7.14.3). So we may assume A; = C. 
Let p : Y ^ S denote a natural projection. Applying the functorial morphism 
(io)* ipp^i to the composition of the morphisms of the first row of (8.2.4), we get 
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a commutative diagram: 



iio)*Az' (io)*OAy(-d- l)[-2d-2] 



(8.2.5) 



^p,lAz' > ^p,i©Ay(-d-l)[-2d-2] 

Here (3 coincides the composition of a with the Gysin morphism. Let rrii be the 
coefficient of a at a general point of an irreducible component Zi of Z, (i.e., a — 
rriiid). Then mj coincides with the intersection multiphcity of Z' and X x {Pq}) 
because they coincide with the number of connected components of the Milnor 
fiber oi p : Z' ^ S . So we get the assertion. 

The compatibility with direct image is clear by definition (8.1.3) (cf. [30, II]). 
The compatibihty with pull-back is checked as in [loc. cit.] using specialization, 
and reducing to the case of closed embedding of codimension one as above. 

Remark. If X is smooth, (8.2.1) becomes 

(8.2.6) : OT(X, A) ^ H'^{X, A(p)) 

by (8.1.6). For X smooth proper, let L be the filtration on CH^(X) induced by 
the filtration L on H^^j{X,A{p)) in (8.1.8) via the cycle map cl^ in (8.2.6). Then 
the cycle map induces an injective morphism 

(8.2.7) Gild^ : Gr^OT(X) ^ Ext\A^, H^P-\ax).A-^{p)) 

by (8.1.8). The existence of such a filtration was suggested by Bloch [5]. We can 

show 

(8.2.8) d^{CW{X,A)) n U+^H^jPiX^Aip)) = 

by reducing to the smooth projective case, and using the weak Lefschetz theorem 
(cf. [30, 11]). This implies 

(8.2.9) Gr^CHf (X) = for k > p, 

and the separatedness of L is equivalent to the injectivity of the cycle map. 

8.3. Proposition. Let CHrf(X, n) = Q.W{X,n) he Block's higher Chow group [6] 
for d = dimX — p, and CHd(X, n)^ its scalar extension. Then we have a cycle 
class map 

(8.3.1) d^ : CH,(X, n)A H^^^^X, A{d)). 

Remark. If X is smooth and pure dimensional, (8.3.1) becomes 

(8.3.2) d^ : CW{X, n)A ^ /^I?""(^, A{p)) 
by (8.1.6), where p — dimX — d. 

Proof of (8.3). We can construct a cycle map of Q^KerSj in [loc. cit.], applying 
the next Lemma to X x A", X x 5"""^ in the notation of [loc. cit.], because (7.6.1) 
implies: 

(8.3.3) {a^n),j,A^ = A^[-nl 
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where j : U := A" \ S*""^ — > A". Then well-definedness of the map is reduced 
to the invariance of the map by a deformation parametrized by Spec/c[i], and is 
checked by the same argument as in the proof of (8.2). 

8.4. Lemma. Let X ^ X' x S,Y ^ X' x D for X', S,D e V{k) such that 

S is smooth, and D is a divisor with normal crossings on S whose irreducible 
components D-i are smooth. Let Yi = X' x Di,Yj = f]-^jYi, and i : Y ^ X.j : 
U X\Y — >• X denote natural inclusions. Let ( = nk[Zk] a cycle of dimension 
d on X, where are reduced irreducible closed subvarieties of X, which intersect 
properly with Yj for any I. Let Z — (J^ Zk- Then a cycle C induces a morphism 

(8.4.1) BAj^{-d)[-2d] 

as in (8.2.2) using (7.14.3) and the Gysin morphism, where the direct image by 
closed embedding is omitted {cf. Remark after (5.6)). This morphism is uniquely 
lifted to a morphism 

(8.4.2) A^^j!BA^(-d)[-2d], 
if ('[Yi\ ^0 inZnYi for any i. 

Proof. It is enough to show that the composition of (8.4.1) with the natural mor- 
phism 

(8.4.3) DA^(-d)[-2d] ^ i*I])Aj^{-d)[-2d\ 
is zero, and 

(8.4.4) Hom(>l^, i*BAj^{-d)[-2d - 1]) = 0. 

Let n — dim 5" (where we may assume -S" is connected). By (3.1.9) (4.3.1), we have 

(8.4.5) i*BAj^ = BAj^, M A^{n)[2n\. 
By (7.6.1), we have 

(8.4.6) Grr«[n - 1]) = e|,|=„_,< [fc] for < < n - 1, 

and it is zero otherwise. Since — ^^'Dii~k)[—k], we get a decreasing 

filtration G on i*BA-^ such that 

(8.4.7) Gr^(i*DA^) = 0|^l^pDA^(p)[p+ 1] for 1 < p < n. 

where p = n — k is the co dimension of F/. The composition of (8.4.1) (8.4.3) and 
the projection 

(8.4.8) i*3Aj^{-d)[-2d] Gr^(r©A^)(-d)[-2d] 

is zero by C*[^i] = using the compatibility the cycle map with pull-back (cf. 
(8.2)). Using (8.4.7) (7.15.1) and adjunction, we can check 

(8.4.9) Hom(A^,Gr^(i*DA^)(-rf)[-2rf]) = for p>l 
and (8.4.4), because Z intersects properly with Yj. 

8.5. Definition. Let X be a smooth proper variety in V{k). An element of 
(8.5.1) Rom{A^,H^P{ax)*Aj^{p)) 
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is called an Ai-Hodge cycle. We say that the Ai-Hodge type conjecture is true if 
Gr^d-^ in (8.2.7) is surjective. 

Remarks, (i) Let X be as above. We have a birational morphism tt : X' ^ X such 
that X' is smooth projective. Then the Al-Hodge type conjecture is true for X if 
it is true for X'. In fact, the composition of the restriction morphism Aj^ — > n^^A-^i 
and the restriction morphism TT^Aj^, Aj^ is the identity by the faithfulness of 
For : M.{X) Pcrv(X(C), A), and the assertion follows from the compatibility of 
the cycle map with direct image. 

(ii) If A; = C, A = Q and M{X) = MHM(X, A) as in the example (i) of (1.8), 
then Al-Hodge cycle is same as Hodge cycle, and A4-Hodge type conjecture as 
Hodge conjecture. 

(iii) If = Q and M{X) is as in the example (iii) (iv) or {v) of (1.8), then 
the Al-Hodge type conjecture is reduced to the Hodge conjecture for Xc- and is 
true for p < 1. In fact, it is enough to consider the example (iii). If the Hodge 
conjecture for Xc is true, the image of an A^-Hodge cycle in i7^^(X(C), Q(p)) 
belongs to the image of an algebraic cycle which is defined over a field K finitely 
generated over k. Then we can reduce to the case K is algebraic over k, taking a 
finitely generated /c-algebra R in which generates K, and using the reduction 
at a sufficiently general closed point of Spec R. In this case, we may assume A' is a 
Galois extension. Then the assertion is proved by taking the average of the images 
of the algebraic cycle by the action of Galois group. In fact, the algebraic cycle 
defines the cycle classes in i7^*'(X(C), Q(p)) and H'^^{X,Qi{p)) compatible with 
the comparison isomorphism, and its etale part is G-invariant, because it coincides 
with the original Al-Hodge cycle by its coincidence on i7^^(X(C), Q(p)). Compare 
to [20]. 

(iv) By a similar argument, wc sec that the natural morphism 
(8.5.2) CRd{X, A) ^ CRd{XK, A) 

is injective for a field extension k ^ K, where Xk — X ®k K . 

8.6. Definition. Let X, Y be smooth proper varieties. The group of correspon- 
dences of X to F with ^-coefficients is defined by 

(8.6.1) C\X,Y)^CW{X xY,A) for p = dimX + i 
The composition is defined by 

(8.6.2) e°C=(Pl3)*((pi2)T(P23)*C) 

for ^ G C\X,Y)X e &{Y, Z), where Pij is the projection of X x F x Z to the 
product of the i*'* and components (cf. [23] [25]). 

Remark. We have canonical isomorphisms 

^ H'^iX X Y,A{p)) = Ex^iA^, {ax).B>Aj^ ® (ay).A^(z)) 

= Ext'\{ax).A^,{aY)*AP{t)). 



ON THE FORMALISM OF MIXED SHEAVES 51 

where the first isomorphism follows form (2.7.5) (4.3.1), and the second from the 
dual of (4.11.1) on Speck. This isomorphism is compatible with the filtration L in 
(8.1.8), where L on the last term is defined by using the decomposition (8.1.7) so 
that 

(8.6.4) Gri = ®.Ext\H^(ax).A^, H^+''-'(aY).AP(i), 
cf. [30, II, (4.1)]. Combined with (8.2), we get 

(8.6.5) A : C'{X, Y) ^ Ext^\{ax)*Aj^ , (ay),A^(i). 

By the same argument as in [30, 11], we can show the following two propositions: 

8.7. Proposition. The morphism (8.6.5) is compatible with the composition of 
cycle, where the composition on the target is defined by the composition of mor- 
phisms. 

8.8. Proposition. Let Z be a reduced irreducible closed subvariety of X x Y. 

Then the image of[Z] by (8.6.5) coincides with the composition o/ (7.16.1) {applied 
to Z) with the restriction and Gysin morphisms for the natural morphism of Z 
to X and Y respectively. It coincides also with the composition of restriction and 
Gysin morphisms for the morphism of Z' to X and Y respectively, if Z' ^ Z is a 
resolution of singularity. 

Using these we can show the following (cf. [loc. cit.]): 

8.9. Theorem. The cycle map cl-^ in (8.2.1) is surjective if the Ai-Hodge type 
conjecture is true for any smooth projective varieties over k. 

8.10. Corollary The morphism A in (8.6.5) is surjective if the Ai-Hodge type 
conjecture is true for any smooth projective varieties over k. 

Remarks, (i) By definition of geometric origin, we need the A^-Hodge type conjec- 
ture for any smooth projective varieties. 

(ii) Wc can consider the relative version of (8.6.5), and its surjcctivity is also 
reduced to the Ai-Hodge type conjecture (cf. [31]). This implies the surjectivity 
of the natural morphisms 

(8.10.1) Ext^K„(M, N) Ext^i<„(Af, N) ExV{M, N) 

for m > n and M e M{X,w + i)|°<„, N e M{X, w)^°<„, where Ext^i<„, Ext' are 
taken in D'>M{X)l°^^„ D''MiX)s° = D'^MiX) respectively 

8.11. Proposition. For X e V{k) with dimX < n, we have naturally a cycle 
map 

(8.11.1) cl^ : CRd{X,A) ^ Hom,K„(A^, D^^(-rf)[-2(i]) 

whose composition with the natural morphism 

(8.11.2) Eoingi<n{A^,^A-^{-d)[-2d]) Rom{A^ ,BA-^{-d)[-2d]) 
coincides with (8.2.1). 

Proof This follows from (7.13) (7.14.3). 
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As to the injectivity of cycle map, we have the following by the same argument 
as in [31], where the injectivity of (8.2.1) in the divisor case is reduced to the case 
X — using the hypothesis (cf . Remark (iii) below) . 

8.12. Theorem. Assume A^Q and the functor For : M{X) Perv(X(C), A) is 
factorized by M}iM(Xc, A) in a compatible way with the functors and morphisms 
in §1. Let X be a pure dimensional locally complete intersection quasiprojective 
variety in V{k). Then (8.11.1) is infective for n = dimX, if (8.2.1) for d is 
injective for any locally complete intersection closed subvariety Y of X with pure 
dimension dimX — 1 and if the cycle map (8.2.1) for d + 1 is surjective for any 
smooth projective variety whose dimension coincides with dimX. 

Remarks, (i) We can replace the condition X, Y locally complete intersection by 
^x(C)[dimX], >ly(c)[dimF] perverse sheaves (cf. [loc. cit.]). 

(ii) By induction on dimension, the condition of (8.12) is replaced by the follow- 
ing: (8.11.2) for n = diraY is injective for any locally complete intersection closed 
subvariety Y oi X with pure dimension < dimX, and the cycle map (8.2.1) for 
d+1 is surjective for any smooth projective variety of dimension < dimX. If the 
Al-Hodge type conjecture is true for any smooth projective variety over k, then 
the second condition would be satisfied by (8.9). 

(iii) If A = Q and the functor For is factorized by MHM(Xc, A) as above (e.g. 
the examples of (1.8)), then the injectivity of the cycle map (8.2.1) is reduced to 
the injectivity of the cycle map on Xc by the injectivity of (8.5.2). In this case, 
the cycle map (8.11.1) is injective for n — dimX and d > dimX — 2 by [31, (0.6)], 
where X is as in (8.12). 

As to the injectivity of (8.11.2), we have the following by the same argument as 
[31, (2.14)]: 

8.13. Proposition. The morphism (8.11.2) is injective for a variety of dimension 

< n, if the natural morphisms 

(8.13.1) Hom,K„«, A^(p)[2p- 1]) ^ Hom«, A^(p)[2p - 1]) 

(8.13.2) Hom,Kdi„,y(A^, A^{p)[2p]) ^ Hom,K„«, AP{p)[2p]) 

are surjective for any connected smooth {locally closed) subvariety Y of X , where 
p — dimy — d. 

Remarks, (i) For p < 1, (8.13.1) is always surjective, and so is (8.13.2) for p < 0. 
In fact, it is clear for p < 0, and (8.13.1) for p = 1 follows from the definition of 
geometric level. In particular, (8.11.2) is injective for d — n — 1, because (8.13.2) 
is the identity if p = 1 and n = dimX = dimF. 

(ii) If the A^-Hodge type conjecture is true for any smooth projective variety 
over k, then (8.13.2) would be surjective by the surjectivity of the morphisms of 
(8.10.1). The surjectivity of (8.13.1) would be reduced to the surjectivity of the 
cycle map (8.3.2) for n = 1, because an element of CIV{X, n)A is represented by a 
cycle of dimension dim X + n — p. 
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8.14. Remark. Let X be a reduced irreducible variety, and k{X) the field of rational 
functions on X. We define 

(8.14.1) Wj^{k{X),A{j)) = \\^W^{U,A{j)), 

u 

where U runs over (smooth) nonempty open subvarieties of X{cf.\J\). If we have 
the surjectivity of the cycle map onto H\^fj{U, A{j)), then 

(8.14.2) W^H{k{X),A{j)) = for i > j, 

and H'ljjj{k{X),A{i)) would be expressed in terms of Tate mixed sheaves, and 
would be related with Milnor fC-thcory. 

In the case i = 2p,j = p > 0, (8.14.2) for irreducible subvarieties of a smooth 
variety X would imply the 7W-Hodge type conjecture for X by induction on di- 
mension, if the Al-Hodge type conjecture is true for p = 0. Note that the last 
condition is satisfied for the examples (iii) (iv) or (v) in (1.8). 

In the case i = 2p — l,j = p > 1, (8.14.2) for irreducible subvarieties of a smooth 
variety Y would imply the surjectivity of (8.13.1), if we have an isomorphism 

(8.14.3) r(X, O*^) ^^A^ Ext^(A^, A^(l)) 

for smooth varieties X (cf. [31, (3.12)]) . It is hoped that (8.14.3) would hold in 

the example {v) of (1.8). 

It is also interesting whether the cycle map 

(8.14.4) L^CR'iX, A) Ext\A^, H\ax).A^{l)) 

is surjective in the example (v) of (1.8). By (8.9), it is surjcctivc if the absolute 
Hodge cycles are algebraic for any smooth projective varieties over k. Here we have 
the injectivity, because it can be reduced to the case A; = C. 
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